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ABSTRACT

This research project aimed to extend the research literature by providing greater insight
into the wayindividual prospective teachers develop their conceptual understanding of whole
number congets and operations in a social context. In this qualitative stuchsestudy
analysisprovided theopportunity for careful exploratioof the manner in which prospective
teachersdéd understanding changed antheirt he ways
mathematical thinking witli a classroom teaching experiment. Whpilevious research efforts
insisted on creating a dichotomy of choosing the individuge collective understanding,
through the utilization of the emergent perspedbioththe individual and the social aspects
were considered. Specifically, using the emergent perspective as a theoretical framework, this
research endeavor has outlined the mathematical conceptions and activities of individual
prospective teachers and thus has pexvithe psychological perspective correlate to the social
perspectiveds classroom mat hematical practice

As the research participants progressed through an instructional sequence taught entirely
in base8, a case study approach was used to select aly@@mao individuals. In order to gain
a more thorough understanding of the individual perspective, this research endeavor focused on
whether teachers with varying initial content knowledge developed differently through this
instructional sequence. Thedit parti ci pant i niCohakhyodé&mowsed
according to the CK?M instrument database questions which measure content knowledge for
teaching mathematics. She developed a greater understanding of place value concepts and was
able to applyhis new knowledge to gain a deeper sense of the rationale behind counting

strategies and addition and subtraction operations. She did not demonstrate the ability to



consistently make sense of multiplication and division strategies. She participated in th
classroom argumentation primarily by providiclgimsanddataas she illustrated the way she
would use different procedures to solve addition and subtraction problems.

The second parti e Ciomaretntiol Ikunsotwl aetdepte bHisgeh
instrument. She already possessed a solid foundation in understanding place value concepts and
throughout the instructional sequence developed various ways to connect and build on her initial
understanding through the synthesis of multiple pedagogical caotésit She demonstrated
conceptual understanding of counting strategies, and all four whole number operations.
Furthermore, by exploring various ways that other prospective teachers solved the problems, she
also presented a greater pedagogical perspanthvav other prospective teachers think
mathematically. This prospective teacher showed a shift in her participation in classroom
argumentation as she began by providillgmsanddataat the outset of the instructional
sequence. Later on, she predomihaptovided thevarrantsandbackingsto integrate the
mathematical concepts and pedagogical tools used to develop greater understanding of whole
number operations. These results indicate the findings based on the individestldgse
analysis of prospeie elementary school teachers and the ecasg analysis that ensued.

The researcharontendghat through the synthesis of the findings of this project along with
current relevant research efforts, teacher educators and educational policy makesisicande
possibly revise instructional practices and sequences in order to develop teachers with greater

conceptual understanding of concepts vital to elementary mathematics.
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CHAPTER 1: INTRODUCTION

In an ever increasing technological world, the emphasis on learning and understanding
mathematics remains paramoubaily operationsand equipments schools, homes, and
workplaces all around the world yeheavily on mathematical notionés for the future,
mathematics serves as a gateway towards educational opportunities and discoveries in science,
computer technologies, entertainment, and communic@tiational Research Council, 2001).

The key to prologed success of any society restdwitis educational opportunitiesnd

elementary schools are at the forefront of preparing the minds of our children for the future. In
Principles and Standards for School Mathemdh&&STM, 2000) the National Council of

Teachers of Mathemati¢slICTM) highlighted the significance of critical educational reforms

and specified fluency with numbers and operations along with number sense as major themes of
elementary education.

Statement of the Poblem

Throughout the historgf mathematics education reform movements, one abpsc
remained constaninsightful programs can succeeaften times with dramatic resultsvhen
efforts are made to assist teachers and administrators assume and carry out tiodasnew
(DarlinggHammond, 1997; NCTM, 2003 he National MatematicsAdvisory Panel (NMAP)
published its findings in 2008nd recognized the central role oftma e mat i cs t eacher s
knowledge Specifically, mathematics teachers need to know the mathematics content in detail

andfrom a more advanced perspective than their studBatsonal Mathematics Advisory



Panel, 2008)ln How people LeariiBrain, Mind, Experience, and Schd@ransford, Brown &
Cocking, 1999)Bransford and his colleagues address one of the problems tacietementary
school teachers:

Alf teachers are to prepare an ever more diverse groupdefigtufor much more

challengingworkd for framing problems; finding, integrating and syrsizeng

information;creating nevsolutions; leening on their own; athworkingcooperatively

they will needsubstantially more knowledge and radically different skills thastmow

have and most schools @flucation now develagp. 233)

Since U.S. teachers are entering the classrooms without a profound knowlduge of
precise mathematics they are/will be teact{Mg, 1999) efforts are needed to insure that
prospective teachers gain a deeper, conceptual understanding as a part of th@natluca
training.Whole numbeconcepts and operations form the foundatiomaerstanding in
elementary grades which are vital to further development of fractions and geometry topics and
eventuallyleading to algebraic notionk.is precisely this foundational understanding that needs
to have deep, firm roots in order to evealiyiguide our students to the algebraic gateways that
are essential in attaining academic and financial su¢begs®nal Mathematics Advisory Panel,
2008).

To compound the issue of the dire need for highly qualified teachers who possess this

conceptualinderstanding, current projections indicate thath e t ot al el ement ary at

enrollmenti s projected to increase an additional 10 pet
Education Statistics, 2008, p. 5). In order to meet the incfemaes5.2 million to thes0.4 million

studentprojected to benrolled in PK12 by 2017the United States will need to hire an addial

two million teacherdo account fotherising student enrollment, teacher attritiandthe

=)}
>

growing goup of retiing teachers-urthermore, grrent and prospectimee ac her s wi | |



beprepared to teach an increasingly diverse group of learners tbigher standards of

acaderit achievemert(Darling-Hammond, 1997, d.62).Teachers need to understand the big

ideas of mathematics and have the abdihd background to represent mathematsca

connected endeavor in a coherent fask&shifter, 1993)Planned inquiry and examination of

the notion of place value and whole number concepts and operations telgkap insights for
prospective teachers both to enhance their st
simultaneously construct a deeper content knowledge base for the teachers.

Significance of Study

A prospective elementary teacher was providedath@wing word problem along with a
fictitious studentdés work. The prospective el
student was correct and was expected to provide a rationale for her thmoeexamining the
word problem and the provided stmde 6 s wor k, note how the prospe
unpack the studentds thinking relative to pla

fiWord Probl em: o

There were 312 marbles in a toy stdré5 marbés were soldHow many marlds
were left?

Studentds solution

11 12
AT
1+ 6 5

1 4 7

Upon examining t hi sthdprospetivettedaaher eeflestsddude nt 6 s w

3



The student knew thatlkeuld®t t ake 5 f r tooka 2O;front
the 6 whichmade the 6 a 7 and the 2 a Then he knew he o u | take &7
from 1, therefore hook a 10 from the hundreds column and made the 1
the hundreds column a 2 artetl in the tens column an 1stly, he
subtracted 5 from 12, the 7 from the 11 and the 2 from tbey8t the
answer

This exampléllustratedthep r o0 s p e c t i limged undesstaridiagn Making sense
of the studentds work. While the prospective
manner in which the student related the numbers according to plaee staudid not fully grasp
his solution. This student did not fAtake a 10
rather he realized that by making théto a 12 he had added 10 en€o compensate for adding
10 mmes, he added one group eig to the 6, therefore replacing the 6 by a 7. This student
continued to reason according to place value by making the 1 into an &jusadly
compensatd by adding one group of hundretisthe 1 making it into a 2. Next, he proceeded to
subtract each dhe columns according to place value and arrived at his answer of 147 marbles.
Through a solid foundation @fhole number concepts and operatigm®spective teachers such
as the one described above will be much better prepared to teach mathematiesumingful
way and have the conceptuwaiderstanuhg to relate tastudens thoughtprocessemore
effectively.

The primary ptpose of this study was to highligttie individual understanding of
prospective el ement ary twumbacohceptsard opbmtiores] o p me nt
Current efforts in the reform of education and teacher preparation emphasize the significance of
teacher knowledgeNCTM, 2000; National Mathematics Advisory Panel, 20Q8)ing Ma

(1999) writesi Whi | e we want itng wdmuldeomn siompnad \he mati cs
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need to | mpr ov aevedgdaf school mahernahicehe guality kf keacher subject
matter knowledge directly affects studentlearrangd it can be i nfmedi ately
144).In fact, teachex are viewed as the key figures in the implementation of the standards and
guidelines set forth by NCTM and the National Research Co(Matlonal Research Council,
2001).

Another significant component towards the improvement of understanding in teachers
deals with the social coext in which learning occurs. Cochran, DeRuiteKi&g (1993) infer
that teahing for understandingatde acher s6 abi |l i ties are enhance
contexts that resemble those in which thal be using their knoveldgei specifically a
classroom contextn fact, prospective and4gervice teachers can gain valuable insights into the
learning and teaching of mathematiic&n inquiryladenclassroonmenvironmen{Carpenter,
Franke, Jacobs, Fennema & Empsi#98 Kazemi, 1999.

In this qualitative study, a desipased researgtrojectwasundertaken as the
framework to examine prospective teacherso un
operationsThe goal of desigibased research is to lead to an eventuatadnal theoryCobb,
2003)while going through the iterative process in a social context that integrates the analysis of
student s06 | eobectiveiclasgroom isettinGllassroam teaching experiments allow
researchers to carefully anaéythe manner in which studeninderstanding changes and the
ways students reorganize their mathematical thinKigffe & Thompson, 2000T.ypically, the
gods of desigrbasedesearctprojectsinvolve: (1) Analyzing the relationship between the
instructional @sign and student learning, a(®) Analyzing the collective classroom dynamic in

rel ation t o i nddpiuagudderstdnding\s fordhe pattiGpantsdtieisvtype of



classroom inquiry promotes opportunities to become flexible learners and &tliothe
development of conceptual knowledge with depth including a connected web of understanding
(Hiebert & Carpenter, 1992 he aforementioned classroom teaching experirf@nibb, 2000;

Steffe & Thompson, 200@pok place in an undergraduate mathegstontent course intended

for prospectie elementary school teachdoaie to the cyclic nature and design of classroom
teaching experiments, this itexati continuedalong the line o& previous classroom teaching
experimen{Andreasen, 2006)onducted tw yearsearlier in a similar setting.

In order to collect and analyze the data, a framewasgkneededhatexaminedboththe
learningand developmerndf theindividual as well as the collective in the social contéxhile
various previous researelfforts insisted on creating a dichotomy of choosing the individual OR
thecollective understandinghe emergent perspective insists that no such division is ndeded.
fact, learning takes places simultaneously in both contexts while neither the individual
perspective nor the social aspect tagemacy oveithe other(Cobb & Stephan, 2003Jhe
social and the individuare forever linkepandyet eacmeedto be carefully analyzed to create
the full picture Furthermore, teachers need to understand theléas of mathematics and have
the ability and background to represent it as a connected endeavahiarant fashion
(Schifter, 1993, 1998rospective teachens this classroom teaching experiment were viewed
as reorganizing their thinking as theytpapated and contributed to their context both socially
and mathematically.

Previous researaéfforts havallustrated that children tend to progress through several
developmental phases in learning about whole numbers and place value concepts (Cobb &

Wheatley, 1988; Steffe, 1983 fact, recent research endea/bave demonstrated that



prospective teachers foll@d developmental stages similar to children if placed in a context to
examine whole number concepts and operations from a different peregéctdreasen, 2006;
Roy, 2008 Tobias, 2009, Wheeldon, 2008/cClain (2003) introduced the notion of using an
alternative base with prospective elementary teachers in order to develop instructional tasks and
goals to foster understanding. For the purpos$éiis research study, the particular alternative
base selected was be&e continuation of previous research efforts (Andreasen, 2006;
McClain, 2003 Roy, 2008. Base8 was quite suitable since the values in this particular base do
not immediately rea h maxiswump | ac e v a l Tuas @pposed to & hasersystem such as
base4. Since both bas@ and basd.0 are even, they share common base system characteristics
and eventually lead to common strategies used to solve whole number operations. Unlike
children who enter elementary classrooms without significant experiencewibiasel0

number system, prospective elementary teachers have experienced the traditieb@ldyasem

for a number of year$n a social context using an instructional sewgein tase8, prospective
teachers hathe opportunity to reexamine their thinking aneex@luate their conceptual
understanding of whole number concepts and operations.

Research Focs

Teachers continue to be the central figures in guiding stsideatcommunity of
practice.Teacher understanding of the inner relationships between classroom norms and
mathematical learning is critical for designing anrappate learning environmerRRrospective
teachers develop flexible understanding of how and wdhese their content knowledge if they
learn how to extract idedom their learning anteacheipreparatiorprogramsWith whole

number concepts and operations at the core of elementary scbelnatics, prospective



teachesdodevelopment of these notis should be studied furthén particular this research

studyexploral the following question

U In what way does the conceptual understanding of individual prospective teachers
develop during an instructional unit on whole number concepts and opesati@isd in

base8?

Summary

Teaching for understanding remains esseasat relates tstudent achievement and
progressThe fundamentaspects of the understanding of whole number concepts and
operations have been well ate the research literatelt While manyresearch studies have
contributed greatly towards under stoacepdi ng <chi
and operations, significantly | ess research h
development othe same topicdn particular, this researchtendedo contribute to the study of
prospective teachers in the social context and expand on their individual understanding of whole
number concepts and operations within this collective setting

In the next chapter, a rew of the relevant literaturgas provided thaddressd
prospectiveteacheas wel | as chil drenés devel opment and
concepts and operatiarfaurthernore, teacher knowledgand the manner in which the particular
instructionalsequence ahis research effodffecedpr ospecti ve teaerdner sdé de
discussedThe third chaptefocused primarily onmethodological aspects of this research
including a case studyethodology thateliedon theinterpretive framework based time

emergent perspecti€obb & Yackel, 1996)The fourth and fiftrchaptersnvolved the case



study analysisf theindividual prospective teacheasd their mathematical activities with a

focus on the way each individugéveloped her conceptual undarsling of whole number

concepts and opations. The sixth chaptérvolved a crosscase analysis of the prospige

teachers while comparing and contrasting their development through the instructional sequence
Finally, Chapter sevemcluded implicationsfor future research, limitations of this study and

someconcluding remarks.



CHAPTER 2: LITERATURE REVIEW

In order to accurately portray the developments in mathematics education relevant to the
understanding of whole number concepts and operatiomseaview of the literaturgvas
preented in the following mannefirst, a historical perspectivdiemonstrate the thoughts and
theories that hae led to our present notiori$ext, this studyspecifically considesdc hi | dr en o s
development of whole numbeorcepts followed by operationat this juncturethis study
focusedon prospective teachers and their knowledge basadtion to the topic at handlhis
review of literaturenextincludedthe preparation of prospectiveathers in their teacher
educaton programs and the manner in which they have been prepared to meet the needs of their
future studentsAfter this point,the proposed path thptospectivdaeachers woultbkein their
mathematics content course in orttetearn whole number concepts akrationsvas
examinedy looking at a hypothetat learning trajectory (HLT)This chaper on the literature
review aimedo provide the background research as well as set the stage for the design and

methodobgy which wadgliscussed in Bapter 3.

Historical Perspective

Thegoalofmder st anding studentsd | earning of ma
field of education as efforts have been made since the days of PestalozzZ1§273@nd
Montessori (18741953) during the last few centurieSpecifially, John Deweywdvocated that
the most effective learning tends to be-siécted, guided by theory, and ideally attached to
experience¢Dewey, 1915)He emphasized that learning does not represent a set of

disconnected events which take place inagoh, but rather asantegrated lifelong process.
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Dewey provided a mukstep approach to the learning process by identifying an initial stage of
experience, followed by a reflection phaBeiring this phase of reflection, the emphasis is on the
synthess of experience with theory as one revisits and gémesabased on the reflectiofhe
postulation of the learning process concludes with a new generalization which may be verified
and tested in the realm of practice guiding new learning c{Olesey,1997)

Learning, according to Piaget, is understood as a process of conceptual growth which
requires the formation and reorganization of concepts in théd afithe learnefPiaget, 1965).
This knowledge may not be communicabed rathers constructedrad continuously
reconstructed by individuals through an activepc e s s of A dokEmpigoal mat hemat
evidence has repeatgdupported this argument which favors learning and teaching
mathematic$or understandingPolya, 1957, 1985)n the specific dmain of arithmetic and
understanding whole number concepts and operations, Broi@88B)contendedii | f one i s t
be successful in quantitative thinking one needs a fundamental of meanings, not a myriad of
6aut omat i O(p.n®.thionotorea s6 t o be fimeani ngful 6, the
emphasize the teaching of arithmetical meanings and making these notions sensible to children
through the development of mathemalielationshigBrownell, 1947, Buswell, 1951, NCTM,
1970, 2003)In the 10" yearbook publishedydNCTM, Brownell addressed whole number
concepts and operations by recommending an intelligent grasp of these topics for children in
order to deal with proper comprehension of the mathematics aasablir practical
significance

Upon the discussion of the critical nature of learning whole number concepts and

operations, theext naturafjuestion should addressho will be responsible for teaching these

11



significant notionand how bould they proceedClearly, since elementary school children
spend a majority of their time dealing with such topics, elementary school teachers carry the vast
majority of the responsibility for establishing and developing these topics in chilkiréme
words of Brune(1962) A When we try to get a child to und
important condition, obviously is that the expositors themselves unaigia ( p. 105) .
Therefore, current and future elementary school teachers shoulthkgeendational
understanding and appropriaeéucatiorto accomplish this vital taskurthermore, the teaching
and learning of mathematiésr understandin@pas and continues to be consistent with the
recommendations MCTM (1989, 2000and the NatioreResearch Counc{lL996, 2001).
Historically, tre reform programs and movents that were implemented through careful
deliberationand by people who understood the intricacies of learning in children and prospective
teachers have hado f t e n rebuts (NGTM| 1870, p. 627).

As the primary focus of this researthis studyintentionallyexamine the conceptual
understanding of prospective teachers within the domain of whaiber concepts and
operationsAs previous research in this topic has iatkkcl(Andreasen, 2006; Roy, 2008)
prospective teachers tend to progress through levels of development very similar to the stages
that children experience laarning whole number notiondence thisreview of literature shall
next describe the ways thatildrentypically devdop their thinkingin order to infornmthe
understanding of prospective teachers.

Chil drends Devel opment of Whol e Num

From an analysis persped, it should not be difficult to fathomhe reasons behind

c hi | dr elaswgh the hatiamn ghgmber After all, in the bas¢en system, the value of a

12



digit is comprised of a dual meanirtge value of the digit AND & position within the numeral.
That is to say a single numerical symbol can simultaneously representdiffet®ns

depending orits placement within a numbérhe compactness and sophistication of this number
system are intertwined with its inherent initial complicated nature.

When children begin tearn to count, they do not attend to a difference betaeen
singledigit and a multidigit numberFr om a chi |l d6s perspective, th
number 9 very much in the same way that thaiper 9 followed the number 8he numbers
aforementioned simplrepresent a number of itenis.fact, research haustrated that children
observe that 10 only differs from its precedent number 9 in thaggt@sents one additional item
(Fuson et al., 1997; Steffe & Cobb, 1988¢edless to say, the number ten, and for that matter
the naming ofen inherently doesot serve notice thaiineandtenrepresat different numbers
of digits (Thanheiser, 2005)-urthermore, children do not perceive mudligit numbers as a
partitioning of parts but a& collection of objectRRoss (1990)eported on students in grade$s
and their construction of meaning for the individual digits in a raligit numeral by matching
the digits to quantities in a collection of objects. With such tasks, results ftamd43” graders
indicated that no more than half of the 71 studentiserstudy demonstrated an understanding
that the 6506 fiinved 256 trheep roebsjeencttesd and t he 626 t
1986; Ross, 1990).

In fact, a significant change in understanding occurs precisely when children can
simultaneouslyecognize single objects as uniiterable in nature as well as a single,
countable quantitgFusonet al., 1997Reys et al., 199, Steffe & Cobb, 1988)}-uson (199y

distinguishes betweenumitary conceptual structurand amultiunitconceptal structure The

13



unitary conceptual structunefers to a group of single objects, where the child may count by

ones or tens, however; the ten represents a shortcut to counting the singla tmg<ase, the
Anumdfters 0 or thednbmpser dsfo hiusn dircet (Thaeheiseg 20850 u nt e d
2009. Conversely, in thenultiunitconcepual structuret hi s noti on of MAnumber

Anumber o frepresantsd r e d s O

éa collection of entities (such
hundiedwhi ch the referent for ea
entities of some kind) a collection of collections of objects (as in the
cardinal reference of A s e vobdentions @ n
100 entities)(Fuson, 1990p. 273)

The primary distinction between the two aforementioned levels is that children who are
unable to form units of units observe the number to be a collectiontsftarassist them in
counting.On the other hand, children who can employrthdtiunit conceptual structuréend to
form units of units in order to observe the number of sets of tens, hundreds, tsoesan
Figurel, on the following pagelil ust r at es t hteo sitfuldeexnitbsléy asha d itte
and 10 ones that is, tobe aware that ten can refer to 10 ones and 1 ten simultaneously and be
able to choose the more suitable interpretat:i

(Thanheiser, 2009, p. 253).

14



Image of ten as Image of ten with Image of ten with
representing 10 attention to 1 ten. attention to 10 ones.
ones and 1 ten

simultanecously.

Figure 1: Flexible Understanding ofTen as Both 1 Ten and Ten Ones (Thanheiser, 2009)
According to both Fuson (1997) and Thanheiser (2009), in order to have the most sophisticated
conceptual understanding of twdigit numbers, students need to possess the flexibility to realize
that ten cald concurrently represent ten ones and one ten. In Figure 2, a flexible understanding
of ten enablestudentdo consider a number such 381 as demonstrated belawm the lefti
and see 1 ten and 10 ones simultaneously in the number. However manyasnséswn in
Figure2ontherigitwhi | e students are aware that fAones

do not see that 10 ones make 1 ten. o (Thanhei

o |® e © ®
( L e © ®
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flexible image of ten. focus on 1 ten.

Figure22St udent s® Possi bl emb& 8/nTthanpeisér,2008) of t he
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In examining childred s d e v e | uaits, therare three major conceptionsTen

Tenas a numerical composite:

Ten would represent a collection of objects that in itself does not yet comprise a
unit. This conceptionelies on the single pieces or elements of the composite rather than
the whole compositéAccordingto Cobbantvheat | ey (1988) , AChi | dr
is a numerical composite are yet to constru¢ses a unit of any kindThere are either
tenonesorai ngl e entity sometimes cald®d 6tend

Tenas an abstract composite unit

Ten in this aspect does represent a composite unit and yet simultaneously
maintainsa e n s e o f Evantthouglo theerecaynition is madettten represents
10 oneds, the key aspect i n domotiscrementdyge | i e
10 when t hey.Fa example, inihg sequenzesof 10, 20, 30 objects, the 30
would represent 20 more single obgetitan 10 and notvb more tensWhile children at
this stage will recognize that 24 objects can be grouped into two groups of ten and 4 ones,
they struggle with sharing the 24 objects among 3 friendis.other words, once the
child has thought of ten as a composite wgiite experiences multitude of difficulties in
reimaginingthe ten as ten single objects (Cobb &Wheatley, 1987).

Tenas an iterable unit:

During this conception of ten, children do view ten as a group of objects and
concurrently can extrachd deal withthe single unitsHere ten can be a single unit of 10

AND a colection of 10 singt objects. According to Steffe aabbb (1988):
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The construction of the iterable unit of ten was required before the chilc
could understand the positional piipple of the numeration systeriVe were
surprised at how difficult it was for them to understand that each decad
comprises a number sequence of numerosity then and also that a coun
ten act could in@ment by ten more ongg. 8)

Over the course of the gdew decades, researchers have identified significant stages in
the early number development of child{@&wosnot & Dolk, 2001; Kamii, 1985; National
Research Council, 20013ome of these stages include the notion of place value and unészing
already nentioned Other important stages include the notion of cardinality;torane
correspondencand hierarchicahclusion.According tothe National Research Council (2001),
cardinality refers to the notion that the last counting word spoken will indltatemany objets
are in the set as a wholeneto-one correspondendmplies that there must be such a 1:1
relationship between objectsunted and the counting worddierarchical Inclusionrefers to
the notion that whole numbers will increase by prégisevery time in the progression.
Furthermore, Fuson and coll eagues discuss
numbers spoken, numbers wgit, and numerical quantiti€Such associations often illustrate
strategies such a®unting inadisorgarzed fashion, counting on fingers, noticing and
organizing patterns in numbess)dconnecting numbers and words as well as experiences with
manipulativesThe progression that many children follow observes a trend from using fingers to
connecta quantityof objects with numbers, onto counting with a-ea@®ne correspondence,
and resorting to various counting strategies upon gaining gofigiwith previous strategies
(Fuson et al.1997, 2001)Such approachdeadto skip counting, counting forwards and

backwards, as well @s addition and sub#ction strategies (Fosnot & Dolk, 2001).
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Chil drendés Devel opment of Whol e Numt

Upon becoming more proficient with counting numbers, children &edas examine
whole numbers in meaningful contexts such as story problems. such fAword probl e
children are often provided singtigit whole numbers and asked to add or subtract them in
order to arrive at an unknown quantiGontrary to popular belf and the apparent disdain of
word problems bylder studentschildren actually excel in solving story problems as the context
adds meaning and allows for the development of strategies to solve such pri@alems1992)
Initially, children tend to mdel or represent story problems using a drawing or some
manipulatives (Fuson, 1992). Some children tend to count by ones, whereas others with a more
developed understanding of whole number concepts may directly model the problem to
eventually arrive at aecognized operation (Cobb & Wheatley, 1988; Stafé&3).
Many young children come to elementary schools with the ability to solve single digit
addition problemsAs Fuson(1992) and Steffe (198®ave indicated, children wiaid not
possess an undeasiding of the place value notion teado struggle at this stage and beyond. In
the next few sections, some of willbepredentedicds st
provideinsight into the mathematical understanding that is needed to usefdhese
approachesAndreasen (2006) and Roy (2008) have shown that placed in a new context,
prospective teachers foll@ada similar progression to children in developing understanding of
whole number concepts and operatidtence, thigesearclprojed benefitedfrom havingan
understanding of the path children follow to gain proficiency with whole number opernations

order to inform the path that prospective teachers ultimately followed
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Research supports that allowing children to develop stratdgiearefi n e w 0

deepens studesitconceptual understding and eventually leads fiarther understanding of

traditional algorithms (Caroll & Porter, 1997; National Research Council, 2G8iljiren

typically use flexible strategies to solve (sfoaddition and subtraction problems (Russell, 2000;

Schifter, 1998). In fact, students tend to modify their approach and become more efficient at

(to

t hem

these strategies as they progress through the whole number operations portion of the curriculum.

As stated edier, while exploring whole number concepts and operations, prospective teachers in

earlier studies modeled addition and subtraction strategies commonly illustrated by children

(Andreasen, 2006; Roy, 2008)aéh of the sategies stated in Table leaenonstrated in the

upcoming section, note the significant role of understanding place value concepts in developing

proficiency with whole number concepts and operations.

Tablel: Chil drendés Addition and
Strategy 1 Strateqy 2 Strateqy 3 Strateqy 4
Addition Countingon Near abubling Adding to ten Adding oneless
thanten
Frontend Taking extra and Subtracting by

Subtraction

subtraction

Compensation

adding back

equal additions
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Addition Strategy 1: Counting-on
Elementary school childn often times use the countiog strategy when one addend is
small.For instance, in solving 7 + éhildren begirwith 7 then counts on four more: %,10,11.
Children typically begiwith the larger addend and theounton as many numbers as needed
according to the other addend.a similar scenario given 3 + 14, children nstart by counting
on 14 from 3, or in some cases start with the larger addend 14 and count on 1®vE® 17
though the larger addend iseteecond addend in the expression
Addition Strategy 2: Near doubling
Anotherstrategy used by children in solving problems of the type 7 + 8 is called near
doubling. Some children will use the addition fact of 7 + 7 = 14, and then simply add 1 to
final i ze their solution. This method suggests a
a similar problem, 8 + @nd use the addition fact of 8 + 8 = 16, and then subtract 1 to finalize
their solution. This met hcddnsavingwholenemsbera fndoubl
addition problems.
Addition Strategy 3: Adding to ten
When adding pairef numbers whose total ggeaterthan ten, many children uselding
to tenstrategiesTaking the previous example of 8 +children will think throughhe transitory
stage of fiwhat 8tanakela 10PNegtdhey regroap® of thedbjects and
group them with the.8The nextquet i on t o b e atenam &more chakesihawo | v e s 1
mu ¢ Hri?F@ure 3 on the next page, note the way that! d rmemabpsocessf adding to

tenmay be ecorded visually.
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8+7 Adding to Ten 10+5=15

Figure 3: Model of Adding to Ten Srategy in Solving 8 + 7
Addition Strategy 4: Adding one-lessthan-ten

This particular strieegy is used bghildrenin the particular instances when adding nine as
one of the addends. The elessthanten strategy beeoes very efficient when childreare
asked to solve problems suaf6 + 9. More advanced childreolve this problem bgerforning
6 + 10 = 16. Next, knowing that 9 amelessthanten then the result should be one less than 16.
In other words, through familiarity with dahg by place value, childrezan quickly arrive at the
result of 6 + 9 = 16 1 = 15. This particular strajg can be extended to muttigit addition
problems in scenarios when one of the addends has a 9 such as an addend of 39 or 59.

Similar to addition strategies discussed above, many subtraction strategies also require a
solid foundation of place value undeanding Children need to realize that a number such as 23
is not simply a 2ad 3. According to Cobb an&/heatley (1988), children arrive at the
understanding of conservati on ofnotonmimaddton as we
to an iteable unit.A few of the subtraction strategies consistently used by children have been

illustrated in the following section.
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Subtraction Strategy 1:Front-end subtraction

In solving a problem such as 638, many childrenvho have not yet been taught
stendard algorithms for multidigit subtractidnegin by taking away the ten firét other words,
their thought procedsse gi ns at t he Af caobetmodeledfby @230e32n u mber
Next, children using this subtraction strategy will subtract 8iftiee resultant numbesy
performing 32 8 = 24, these children hawet followed the traditional subtraction algorithm
which begins with subtracting the ones unit first.ngsihis technique, children neezlhave an
understanding of decomposing numbacsording to plee value to arrive at 6238 equal4.

Subtraction Strategy 2: Compensation

Continuing with the subtraction problem 638, some children will compensate by
adding what it takes to make the bottom number dipheilof ten. In this casehildrenwould
add?2 to bothnumbers anéhsteadsolve the problem 6% 40 (compensating by 2). The new
problem of 64" 40 appears to be much easier for children and can be solved using a variety of
methods to arrive at the result of 24. Through theoisempensation strategiedjildren have
once again solwkethe problem 62 38 to get 24.

Subtraction Strategy 3: Taking extra and adding back

In a somewhat different approach from the compensation strategy, some children only
changeoneof the numbersrad then adjust to make it model the original problem. In the case of
the same example 6238, some childremight take an extra two awayp tha the problem
could be rewrittems621 40 = 22. Then, knowing that they have taken an extra two away, they
will add the amount 2dek to the result. Thereforen2ust be added ta22o get 24 as the final

answer. Note that this strategy is differénin compensation as childremly adjusted one of

22



the two original numbers to perform this subtraction problennmaaner that made sense to
them individually.
Subtraction Strategy 4:Using place value understanding to subtradby equal additions

A related- yet distincti approach from the compensation strategy discussed earlier
involves using place value understargd Children who possess anderstandingf 1 group of
tenssimultaneously equalingO onesuse the ideas of decomposing numbers and an algorithmic
approach to subtract gualaddition. In this approach, children will add the same amount but
add it indifferent place values such as 1@nesin the ones column andténin the tens column
- to solve a desired subtraction problem. Figure 4 revisgtsame subtraction problem 6238
in order to demonstrate subtracting by equal addition. Note the wedgechwill change the 2 in

62 and the 3 in 38 by adding the samn@ountto both numbers.

Figure 4: Strategy of Subtracting by Equal Addition
Chi | dthinkimgdnshis example illustrated their thought procassl approach to
subtracting 8 (the ones place value in f88jn the 2 (the ones place in 628y addng ten tothe
ones place in 6@naking t 12), it would make it easier for chikeh to subtractBut by adding
ten to the62, the 3&eeds to have ten added tastwellin order tokeep the difference the same

As a result, children will add not 10 ones, but the equivalent 1 tens to account for this approach.

23



In an illustration of nderstanding place value and decomposition of whole nundbeidren

addthe ten by adding 1 to the tens digit of the number being subtracted (making the 3 in 38 into
a4 to make48). Finally,children proceethy subtracting according to place value.Ha bnes

place, 8 from 125 4, and in the tens plaegfrom 6 yields 2. Using this complex and advanced
strategy that required conceptual understanding of whole numbesptsraand operations,

children solved2i 38 = 24.

At this point, his researchtadyaddresessc hi | dr endés devel opment
division concepts and the associated strate@iettdren typically begin ¥ directly modeling
multiplication and division problems (Carpenter, let 096). According to Fosnot aiblk
(2001),elementary school children tend to use groups of objects to extend their ideas of addition
and subtraction in order to model multiplication and division problé&®sfwutlined bySteffe
(1988), notions of multiplicative reasoning begin to take form whddreim have realized the
conceptual meaning of the number of groups and the number of objects in each group.
Gradually, similar to addition and subtraction, children gain increasing efficiency in solving
multiplication and division problems and experimeithwising iterable units (Cobb &

Wheatley, 1988)The next section will address some common multiplication and division
strategies typically observed.

In Adding It Up(National Research Council, 200%arious whole number concepts and
operations are disssedWhile exploring whole number concepts and operations, prospective
teachers in studies by Andreasen (2006) and Roy (2008) modeled multiplication and division
strategies commonly illustrated by children as describédiding It Up Each of the stratges

stated in Table @ill be demonstrated in the upcoming section. Note the significant role of

24

of



understandingounting strategies as well additiona n d

multiplication and division approaches.

subtraction

strategi

Table2z Chi Il drends Multiplication and Div
Strateqy 1 Strateqy 2 Strateqy 3 Strateqy 4
o Repeated : , Usingknown Products with
Multiplicat ion addition Skip counting number facts | nine as one factg
Division Repeated Skin comtin Usingknown | Division with no
subtraction P 9 number facts regrouping
Frequently, childrenés strategies in solvi
the actual context of the problem (Fosnot & Dolk, 2001; Russell, 2000). A few examples of
multiplicat i on and division strategies should provi
solving problems.
Multiplication Strategy 1: Repeated addition
In solving a rather elementary multiplication problem such a3 6often times story
problems are useid model this scenario. For instanchildrenmay be asked to solve the
foll owing problem: AA box of greeting cards i
cards would there be i n clildranmoded @& repedied gdditmet i ng c

strategy to solve this problem by taking 7 + 7 =ahdthen add7 onto the previous sum

repeatedlyntil they have accounted for all the cards inGH®xes. Therefore, these children
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would illustrate their mental process by writingt 7 = 14; 14 + #21; 21 +7 =28; 28+ 7 =
35; and finally 35 + 7 = 42. Using repeated addit@mnldrenwould arrive at 6 7 = 42.While
effective, this strategy typically proves itself quite inefficientihddrenas the number of groups
and/or the number of objecin each group increase.
Multiplication Strategy 2: Skip counting

Continuing with the same example ok @, children keeprack of every time they count
a group of 7 by using a finger arsimilar techniquef maintaining the nuiver of groups
counted. @ildrenmodeling a skip counting strategy for multiplication would count 7, 14, 21, 28,
35, and finally 42. This approach of solving multiptioa problems does presuppdsewledge
of the multiples of numbeiis7 in this case.

Multipl ication Strategy 3:Using known numberfacts

A modification of the previously mentioned strategies involves using number facts to
solve multiplication problems such ax@. Childrenmay approach 6 groups of 7 objects by
thinking: 7 + 7 = 14; 14 + 14 = 28. So ftrese chHdren haveaccounted for 4 groups of 7
objects; and what remains to be donmiaddfourteen (two additional groups of 7) to their
result to finalize this problenThus, the next step would invol28 + 14 = 42. Such strategies
using number facts can e¥able doublingstrategies often seen in childrenwith the number
of groups of an object

Multiplication Strategy 4: Products with nine as one factor

Children who have become adept with multiplicative reasoning and possess a good

conceptual understamdj of whole number concepts and multiplication utilize this particular

strategy in solving problems when nine is one of the factors. For instance, asked to solve the
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problem9 x 6, somechildrenusemultiplicative reasoning to state that £® = 60.Next, they

will reason that they have taken one too many grofigsince 9 is 1 less than 10. As a result,
they will subtract 1 group of 6 from 60 to attain 54. In shok,80= (10x 6) T (1% 6) = 601 6 =
54.This example highlights how important it ig fchildren to have a solid concept of ten as an
iterable unit.This particular strategy illustrates a solid foundation of the notion of multiplication
and naturally leads to the distributive propetynultiplication over addition ansubtraction.

Accro ding to Baek (1998), as childrendés mult
educational experiences, they become more efficient with multiplication strategies as well as
partitioning and compensation strategf@stthermore, as Fuson (1990) poinced
Aunder standing operations on multidigit numbe
decompose multidigit numbers into these mul ti
(p. 273).Here, multiunits refer to larger units that are map@iumultiple smaller unitsAspects
of decomposing a number in multiplication and incorporating partitive strategies lend themselves
very well to childrenb6és strategies in solving
strategies will be discusden greater detalil.

Division Strategy 1: Repeated subtraction

Similar to the way childrenbés strategies i
division strategies naturally arise out of multiplicative reasoning. When presented with a
problem sich as 42 + 7, children use their understanding of multiplication to repeatedly subtract
sets of from 42to exhaust the number 42. Specifically, a student may model their repeated

subtraction strategy by reasoningi42 = 35; 35 7=28;28 7=21; 21 7=14;14 7 =7,
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and finally getto 7 7 = 0. Since they subtracted 7 six (6) times, they concludd2haf/ = 6.

Thismethodimsnal ogous to childrends use of repeated

Division Strategy 2: Skip counting
Modelingskip counting for multiplication, keeping track of how many times onetsoun
the group is another commetrategy employed by elementary school children. Revisiting 42 +
7, childrenmay use their fingerortally marks to keep track of how many tisiey count sets
of 7. Their thought process may proceed a#4, 21, 28, 35, 42therefore 6 would be their
resulting answer. The intricate nature of multiplication and division is ilkestria this strategy
as childrercan demonstrate proficiencydefficiency of one operation to aid in developing
another operation namely, division.
Division Strategy 3: Using known number facts
Some chi |l dr e mdnber fadisihds ibaeryillustrated unsaving multiplicatio
problems. Similarly, childmreasked to solve the problem 42 + 7 may begin to reason through a
collection of number facts at their disposal. One way of reas@atiogt the solution to 42 + 7
using known number facts entails the following strategy fictitiouschild: 10 sevens wodl
be 70. Since 42 is much less than 70, the answer has to be much less than 16.skyamnsg
that would be 35, so we need 1 more seven(s). The answét @5 plus 1 more, so 6.,S0
42 0 7 wo urths mamer,ahildreh sobve division prebis by using known number
facts along with reasoning strategies.
Division Strategy 4:Division with no regrouping
Presented with a scenario to reason in the context of story problems, children can

combine their reasoning strategies and knowledge of ausystems to perform division
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without regrouping. Consider the exampdse, THfANe
she owns. She plans to put exactly 3 stickers per page in this book. How mangqesgysise
need for her bookkbbd+3Tdnee ddne with sa regroupipg as ibustrted

through the following approach:

3)54
30 | 10x3
24
24 | 8x3

Figure 5: Example lllustrating Division with No R egrouping

Thestrategyabovec an be descri bed through theedsf ol | 0
at least 10 pages since 10 pages would represert3)Lthirty (30) stickers. She will not need
20 pages since 20 pages would represenk @6 60) sixty stickers which she does not have.
After placing 30 of the stickers, she would have 2&ste left; and 24 stickers would be 8 more
pagessince83 = 24. Neeka will need (10 + 8) eighte

By the time elementary school children get to division, some have the ability to reason
using their conceptual understanding of nensbplace value as well as knowledge of addition,
subtraction and multiplication strategiés Adding It Up(National Research Council, 2001),
procedur al fluency has been defined as dAskil/
efficienttyandappr opri at el yo ( p. argusthatMeanhe varydiffieuhto c her s
establish procedural fluency with multidigrultiplication and divisiorwithout the culmination

of the aforementioned understanding (Hiebert & Carpenter, 1992; Hiebddadne, 1996).
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ProspectiveTeacher Knowledge

ALIi ke any complex task, effecti
Teachers naka special kind of knowledg&o teach mathematics well,
they must themselves be proficient in mathematics, at a muplerdegel
than their student3.hey also must understand how students develop
mathematical proficiency, and they must have a repertoire of teaching
practices that can promote prof
(National Research Council, 2001, p.:
Over the course of theast two decadetje plethora ofesearch on teaching has been
very clear on the importance of teacher knowl
thinking related to specific topi¢Ball, 1988, 1991; Ball & Bass, 2000; Davis, Maher, &
Noddings, 190; Even, Tirosh, & Moskovitz, 1996%everal studies have suggested that
teachersdo knowledge of mathematics afEdenstuden
1993; Even & Tirosh, 1995; Hill, Rowan, & Ball, 2005; Stein, Baxter, &hardt, 1990)Stein,
Baxter, and_einhardt (1990) suggest that the depth of a teéckrowledge may indeed
influence the presentation of subject matter as well as whether the teacher lays the appropriate
foundation for future learningzurthermore, they contend thhe teachdr subjectmatter
knowledge will allow him/heto make appropriate connections with other mathematical.ideas
In 1996, the National CommissiononTehacng and Amer i)ssuddsa Fut ur e
reportcalledWhat Matters Most: Teaching for Amec a 6 s reEommendirg specific steps

towards the improvement of the sdis inthe United State$all, Bass, andHill (2004)

summarized this report:
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AWhat teachers know and can do i
students learn, thereportaegs t hat teacher sé kn
opportunities to learn anddming.Teachers must know the content
thoroughly in order to be able to present it clearly, to make the ideas
accessible to a wide variety of students, and to engadergsuin chllenging
wor k. o

Historically, researchers tried to correlate the number of mathematics courses taken or
scores on standardized tests as a proxy measure of teacher knqBkglge1979). However,
as Carpenter, et al. (19983scribe, these measuresrbt account for some of the complexity
inherent in the teaching of mathematicsaddition, these measures do not clearly describe the
nature of the relationship between student learning and teacher knowledge. Due to the immense
implications on teachexducation and student achievement, more recent studies are beginning to
shed a more cé light on eacher knowledge. Hill, Rowan, aBdll (2005)have done
significant research in identifying|l e ment ary teachersd mat hemati c:é
researberconstructed measure of mathematical knowledge for teaching and have found that it
correltes with student achieveme@obnner (2007) hadiscussed a correlation in the ability
facilitate classroom di scuss erknmowledgeShulmanat i on t
(1986)has f amously stated that theatfitalessaddeddr must fAn:
something is; the teacher must further understamgfitalics addedj t i pB9) Ehesé studies
taken in unison suggest emphaticallythetaeac her 6 s subj ect matter Kkno
his/her practice including how and how much content is presdntaddition, the type of
guestions asked during class, the activities designed and seteleesbn plannings well as
the ability to sethe foundation for connections among mathematical ideas and representations

al |l rel y he asubjécymatenknawvledge ac her 6 s
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In order to further explainteaches 6 knowl e d g eg, Gampenteatald er st andi
(1996) reported on a critical pgram called Cognitively Guided Instruction (CGrhis program
focused on understanding of childrends thinki
knowledge base for mathemati€&Glh el ped teachers formul ate mode
in very gecific content domains including whole number operations, fractio@asurement,
andgeometry.They discovered that when-gervice teachers participated in a CGI program,
their beliefs and instiction saw noticeable chang@&siese changes ranged frone th
mathematical procedures including problem solving skills used with children in order to build on
their ownmathematical thoughts tbe encouragement and enhancement of the communication
of mathematical skills between teachers andestts.The significat result of the CGI programs
noted that changes in instruction will directly increase student achieverhentservice
teachers in these programs were able to extend their knowledge directly to their own classrooms
and draw upon their own expares o inform their teachingln programs such as CGl,
increasein e a c h er s 6 aloagwath sebsexseshanges in instructionhave been
shown to increase student achieven{@atrpenter et al., 1996)

Studies that iow Prospective TeachePrior Knowl edge

Even though NCTMas declared numbsense a major theme of tRenciples and
Standards foSchool Mathemats (NCTM, 2000) studies on prospective teachers show a lack
of understandingn various aspects of numbBsiext, this studyexplores sonme effortsthat
highlight the issues related time content knowledge of prospective elementary teachers.

Zazkis andKhoury (1993) illustrated that some prospective elementary teachers failed to

understand the foundational structofeour baseéen numbesystemThey arrived at the
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conclusion that these teachers fdeneohosrtrated
numbe sy st e rBpecificaly, they hpwed that 47 of the 59 students (80%) failed to
incorporate the fact that a multtdigit numberas one moves from right to left, each digit is ten
times thevalue of the previousdigu b sequentl y, they suggested t
interview settings on similar tasks would enhance our understanding of the conceptual base of
stubnt sédgeowloé numbep50r epresentation

Ross (2001) demonstrated that prospective elementary teachers failed to see number in
terms of the appropriate unit typ&he studied the understanding and perceived meanings of the
digits in a twedigit number.In working with 85 prospective teachers in their first mathematics
content course, shwished to inquire about their understanding of place value meaning. Using an
arrangement of objectspennies in this caseRoss provided a collection of 25rpees and
stated that they totaled 25 in all. She asked the prospective teachers questions ribgarding
meanirgs of the 2 and 5 in 2&larmingly, only 53% of the participants could identifyattihe 2
in 25 illustrated 20. Since Sowder et al. (19@8)strated that teachers tend to teach the topics
that they feel comfortable teaching, what can be sgmladpectivee | e ment ary student
and future hopes of engaging in meaningful instruction in the contedtaé numbers and
operationsf they lack an understanding of place value con¢epts

In regards to content knowledggall (1988, 1989)Ma (1999), Menon (2004), and
Thanheiser (20032009 have clearly shown that some prospective elementary teachers are
unable to explain algorithms and prouess with true meaning and are hence unable to
understand alternative student perspectiResspective elementary teachers, in this sense, are

different from children who learn whole number concepts and operations since these prospective
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teachers alreadynow that certainlgorithms and procedurés factwork. In order to explicate
howandwhythe algorithms work, prospective teachers need to have the content knowledge that
allows them to explore these notions further and in greater detail.

Specificall, over the course of the past two decades, Ball and her colleagues have
contributed a great deal to the existing research reggpdispective teacher knowleddzall
(1991) has written about knowledgémathematics as well as knowledg@goutmathematis.

With respect to the former, knowledgemathematics, she defines it as the understanding of
particular topics, procedures, and concepts including the andintra-relationships among
them As for knowledgeaboutmathematics, her definition stipudgtthat this type of knowledge

filncludes understanding about the nature of mathematical kagevle

and activity:what is entailed in doing mathematics and how tisith

established in the domaiwhat counts as a solution in mathematic:

How are solutions gtified and conjectures disproveé?

Knowledge about mathematics entails understanding the role of

mathematical tools and accepted knowledge in pursuit of new ide

generalizations, and procedures.

(Ball, 1991,p. 7)

To see how the knowledgé andaboutmat hemati ¢cs | mpacts prospe
content knowledge, Ball (1988) asked a group of prospective teachers what they noticed about a
student 6s i nc avhdeeunber multiplicaéodDisplagingfoperational
knowledge of multiplicationthese prospective teachers noticed the mistakes made by the
studentBall reported that only 5 of the 19 prospective teachers could sppégitly regarding
Apl ace value and themudipliGaton agorithmFha dthera gade anmswerse

that were ambiguous or f oc b%)éncanother mdtance duvingl y o n

the same research, when asked to evaludtéprader 6s sol ution to a sub
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involving regrouping, all 19 prospective teachers commented on pgaetance of the places of
the digits andhe language of tens and onBall discovered that even though the prospective
teachers could perform and identify the computations, they were not able to fully explain the
foundational concepts invadd in whole mmber operationsShe summarized henfilings by
statingthat he anal ysi s of pr osiphd cgthil vi eg htt esa c hheer sdéa nkgrec
that they have explicit and connected understandings of basic mathematical ideas [such as
number], even whermey are ableto per at e .i59)Mhede llarmidg reSults are
indicative of the point made by Shulman (1986) regarding teachers needing to know not only
whether somethingg, but alsowhyit is sa

In extending the work oBall (1988) andCobb (1988, 1995, 1997 related to the
meanings and conceptual understanding required to fully comprehend elementary mathematics,
Ma (1999) examinethe procedural understanding of teachers in the United States andA&&hina
stated earlienvhole numberconceptsand operations form the foundational understanding in
elementary grades which are vital to further development of fractions and geometry topics and
eventuallyto algebraic notiondn comparing theeachersn Chinawith their counterparts in the
United Sates, Ma discovered that the Chinese teachers had more conceptual understanding and
less of a propensity towards a strictly procedural explanation of whole number operdtiens.
found that only 14% of the teachers studied in China would befaasasprocedurally
oriented, vinereas the primary focus of masiS. teachers was to teach mastery of the algorithms
involved in whole number operatiofigla, 1999) It is noteworthy that Ma even noticed a
difference in the languagesed in mathematics classroor@sinese teachers for the most part

used the wordlecomposéstead of the worblorrowin the context of subtractioRor instance,
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Ma mentions that AWith the concept of &édecomp
directed Chinese teachershad dctbtay e x pl ai ned both t he nitheaki ngo
algorthmHowever, many of t heémnfgumtgloersteipKp. u s & c et
10). In the concluding section of her boddnowing and Teaching Elementary Mathematia
retemt es the significance of Theqgaaithac teaxchersabjedj ect
matter knowledge directly affects studentlearrangd it can be i npnkel4i at el y

Menon (2004) contines the discussion dmowledgethatprogpective teachersften
lack. He conductea@ study on prospective teachers during their mathematics methods course
following the mandaty mathematics content coursdis findings included prospective teachers
relying very heavily on algorithms and simuléauslybeingunable to use efficient strategies to
approach whole number problerf®r instance, when presented with the addition problem
45 + 32 = 77, and then asked to compute a diffeedbeit related problem 46 + 32 = ?, the
prospective teacheraifed to use the relationship between the two problems and simply
performed the alculation to attain the answ@venon, 2004)Since prospective teachers are
expected to develop appropriate and efficient strategies in elementary school children, how can
they do so when they are unabledemorstratetait s ki I | t hemsel ves? Meno
future K-8 mathematics teachers seem to rely on learned procedures, without the profound
understanding of fundamental mathematics suggested by Ma (1999), as shsmwmmelyf their
explanations to the number sense test items,welequipped will they b& teach
conceptlpu=) |l y?o0

Thanheiser (2005) developed a framework for analyzing prospective elementary

teacher s6 wwbmulo-digt tvhole musibeTiirough her research and framework,
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building on thework of Kamii (1994) and Fusoet.al (1997)she describedrospective teachers
as falling into 4different broadconceptions in relatioto multi-digit whole numbersn
decreasing orders of sophistioa, she identified prospective teachers as haaiRgference
Units conception, Groupsf-Ones conception, Concatenafedits Plus conception, or
Concatenate@igits conceptior(Thanheiser, 2005 hanheiser discovered that prospective
elementaryteaches fAwh o hel d -umits bria groupsd-onesedneeptionnnctires
context of the standard algorithms were generally able to give correct answers in the additional
contextso, while those pr ospectdigiselustoeaac her s w
concatenatedigits-only conception in the context of the standard algorithms were less likely to
give correct answers across theladt i o n a | p.t78)8imikenta peeviodis wWorks cited,
this resarch indicates some distinctions betweemprpect i ve teachersd | evel
and the need for future research in this area

In this sectionthisstudyn ot ed t he significance of prospe
knowledge andthe needforpr of ound wunder standi ngrdinthes r ef err
next sectionthis studyconnecs the content knowledge of prospective teachers thgthrole that
teacher education programs playefifectively preparingprospective elementary teachers

teachwhole number concepts and operations.

Developnent of Prospective Teacher Knowledge

Despite the crucial role thegacheicontent knowlede plays inteaching fit he subj ec
matter knowledge of prospective teachers rarely figures prominentlgip@r i ng t eacher s

(Ball, 1988 p. 42) Often times, neteachers enter the classroom lacking confidence in their
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content knowledge of the mathematics they will be teaclidrey.l | (1993) stated Aw
know more about these learners and develop strategies for working with what they bring with

them(p. 40) Accordng to the National Math PanekRort (2001), as a part of their teacher

preparation, teachers must be given ample opportunities to learn mathematics for teaching and

know in detail and from a more advanced perspective the maibahcantent they wi teach.

Tirosh (2000) 6 a t e da mijdr golal infieacher education programs should be to
promote devel opment of prospective teachers?o
the mathematics topics the tkae r  wi |pl5). Asdlastratedearlier in the discussion
regardingCognitively Guided Instruction (Carpenter et al., 199%6¢se programs provide
teachers with opportunities to consider what their future students know and the manner in which
to goproach solutions to problemBeacher peparation programs should adequately provide
instances when the prospective teacher has the opportunity to examine common misconceptions
in order to chal (Ashlbake002)Fuattrenore, eed@chet daucatiénishogd
consistently providewenues for future teachers to engage in more advanced discussions
regarding what they themselves know and addit
conceptions. (Bransford, Brown & Cocking, 1999)

Even andlirosh (1995) ontend that prgpective teduers neednowledg about
studenté conceptions of t he .Ihpaospectvetedcherssdo nbtigaeny ar e
this knowledge during their teacheeparation programs, how can theydxpecedto be
adequately prepared once yhstart their teehing career®pecifically, they mention that a
teacher s deci si on ircergea orthcomegir £tl u cdesntonr ¢ hponsea

adequate preparation inciad his/her content knowledgBuring teacher preparation, teachers
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should havethelcance t o fitake account of common stude
related to specific mathema c al t o p i ¢ sS/he éhbuiddevabla tg undenstamddhg .
reasoning behind student sd onomorcnaspake khowslg and an
w h y (Eved &Tirosh,1995, p. 13)

In fact, in order to keep pace with the recommendatdthe National Council of
Teachers of Mathentias, prospective elementary teacheegd to be prepared properly to
engage in rich, meaningful discussigagarding topics such as wholember concepts and
operationsResearch supports that prospective teachers must be taught in the same manner in
which they will one day be teachif@uban, 1993; Lortie, 1975\s a part of teaching, teachers
needto creates ome cognitive dissonance in order fAto |
wouldre@ n si der (Sinmop, 199505120k Therefore, teacher educatonsist engage
prospective teachers in precisslych opportunities durg their preparation progran
According to Lerman (200@001), learning is achieved through cognitive conflict, which can be
brought about in situations that prospective teachers will encodnsggnificant aspect of
teacher preparation should allow prospective teacherto devedop new ear , one t hat
the mathematida i deas of o (Shifter, 1098,p. 79A4s Arreasen $2006
mentioned specifically in the domain of whole numbmyncepts and operationgeacher
preparation prograscan aid future teaers to begin their careers with a foundation relying on
content knowledge arfdsteringpedagogical considerations.

In this sectionthis studyfocused on prospective teacher preparation in order to highlight

the significance of teacher experiences imneas that will promote deeper understanding and
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ultimately lead to higher student comprehensaad achievemenin the following sectionghis
studyfurther examingthe path that learners will embark upon to achieve this realization.

Hypothetical Learning Trajectory

As a researcher, one envisions a path to b
construction of their reasoning atpthe instructional sequenc&mon (1995) analyzed his own
role as a teacher and researcher as he was attegiptit o i nf l uence his stude
mathematical concept$his notion first referred to as a hypothetical learning trajectory (HLT)
by Simon tries to imagine how studes will engage in the activés andanticipates their lines of
argumentatio in the activitiesas this discourse occurs withtime classroom dynamic. In
describing this process, Simon proclaimisT he consi deration of the | e
activities, and the thinking and learning in which the students might engageumtie
hypot heti cal |l earning trajectoryéo (p. 133).
Even though several aspects and/or interpretatiotiefL T exist in the literature
(Gravemeijer etla2003 Simon, 1995; Simon & Tzur, 200&)ost expertagree thabnHLT
consists oftie following three componentél) the desird learning goals of instructiof2) the
instructional sequence of tasks that will be undertaken irr twdmipport the learning goasd
(3) The progression of studenfievelopnent as they journey through thesgmed instructional
sequenceAt the outset, the HLT provides a framework for the instructional tasks with stated
expectations that the researcher imagines the class to embark upon during thef course o
instruction.
At this point,it is worth noting thathe hypothetical learning trajectory is in fact vastly

different froma lesson plamccording to Gravemeijer et al. (200 distinguishing
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characteristics of the HLT juxtaposed with a traditional lesson plan inttledellowing
aspects: (1) ahrning trajectory possesses a socially situated nattinat it proposes the
anticipated patlof a particular group in specific social contex{2) instead of a singiehot
approach to a traditional lesson plan, the HLia#s an iterative cycle of plannin@hat is the
HLT will be revisited and the hypothetical will be revised in order to arrive at an actualized
learnirg trajectory (3) primary focus of the HLT is on the mathematical construction of the
students not theontert covered, and (4) the HLpgresent an opportunity for the teacher to
develop a grounded theory to explain the manner in which the instructional tasks integplay
given social environment (Cobb, 2002imon, 1995; Simon & Tzur, 2004 fact, teabersmay
choose to adapt alr specificparts of the instructional sequence to fit their owisssiaom goals
based on the HLTA cyclical process thus begins with the constant revision and modification of
the HLT and the instructional sequence throughloeicourse of the experiment in order to
arrive at the actualizklearning trajectorySimon & Tzur, 1995).

The specific aspectstieHL T regar ding this study of pro:
understanding of whole number concepts and operati@uescribed in detail during the third
chapter on methodologt that point,the significance of the HLT discussedncluding the
specific sequencing of the instructional activities in order to bring about the desired learning

goals.

41



CHAPTER 3: METHODO LOGY

Theprimary purpose of this study w# examine the conceptual understanding of whole
numberconceps and operations of individual prospective elementary school teachers within the
collectiveclassroonsetting Specifically, this study intended explorethe following research
guestion:

U In what way doeghe conceptual understanding of individual prospective teachers
develop during an instructional unit on whole number concepts and operations situated in
base8?

In this chapterthis studywill specify the precise procedures used during taise study analysis
in order to address the afarentioned research questidime chapteconsiss of the following
sectios: (1) reseach design(2) research setting3) selection of participant$4) data ctlection
procedures(5) data analysis procedur€8) trustworthinessand (7 selection of individual

cases
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Researt Design

Overview and Justification of Research Design

This researclwvas desigad as a collective castudyas cescribed by Merrianil998)in
orderto contribute to the understanding of how individual prospective elementary school
teachers develop an understanding of whole number concepts and operations within a collective
classroom settin(Denzin, 2000 Stake, 2006). Accordingto Méam (1998) fAcase st udy
isemployedtogainanide pt h understanding of the situatio
(p-19)Yin(2003)cont ends that case studies provide dal
contemporary phenomenon withis iteal life contextespecially when the boundaries between
phenomenon and context are not clearly evialgnt13).In particular, case studies are deemed
appropriate when the research wishes to fooushderstanding individual participants within a
compex, reatlife social contexsuchasa constructivist classroo@erriam, 1998; Stake2006,
Yin, 1994, 2003

A qualitative research design methodoleggsemployed in order to illuminate an
i ndi vi du ads ibdsvelophd alorig, contributed tmd interacteavith the classroom
mathematical practices that evalweithin the social natie of the clasi Qual i t ati ve r es
anigpuiry process of undp 15 andthigdesigg was gel€ated is thee | |
natual setting of alassroomfocused on conceptual understanding as a means to gain valuable
insight into the understanding of the participaftase studies such as the task undertaken during
this research project enable researchers to follow and document stilieking and

demonstrate the manner in whitley make sense of mathematiRemberg and Carpenter
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(1986) emphasized theneedfare e st udy r e Jte&indofiteadhing study éhati n g

needs to be done would bring together both notions about the classredeadher, and the

studentds role in that environment , and how

are needed that capture the way meaning is constructed in classroom satspgsific
mat hemati cal-869askso (pp. 868

Following the worksf Cobb and his colleagudsjs qualitative analysiexaminel
individual prospective teachers as they devedlqonceptual understanding of whole numbers
and operations using an instructional sequence taunginely in a bas® setting.Previous and
ongang research efforts have documented and continue to develop the collective aspects of
prospecti ve el e mendin@gwithin thesaxial boatexs(Andreased, 2006; Roy,

2008 Tobias, 2009; Wheeldon, 2008 owever, as Stephat al. (2003)pmtout , A The

A

mathematical practice analysis and complementary case studies serve a more complete picture of

t he | e@68yandrinded there is a need for additional elaboration using case studies to

furtherdescr i be pr os pectingvlée collectve tesearch @analysiskdasr st and

focused on the development betsocial normand the development of the classroom
mathematics practiceéidreasen, 208 Dixon, Andreasen & Stephan, iregs; Roy, 2008
Tobias, 2009; Wheeldon, 200&t this pant, the individual perspectiveslated to the
mathematical conceptions and activities of prospective teadeededo be analyzed in order

to bettergrasp the development and contribution of the psychologsmécts ofhe emergent
perspective (Cobb,a®2). This research project focused the wayprospective teachers
interactedwithin the social dynamiand used the emergent perspective as a lens to explore the

wayi (1) studentsd | earning occurred as2)thehey
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mathematical practices emerged as students, often thegardents, contributed to thém
(StephanBowers & Cobb2003 p. 99.
The current research study focused on a collective case study on a single class of
prospective elementary teachemg,to as Yi n ( 199 4)-casestdycantoftenieEv e n
used to pursuan explanatory, and not merely exploratony (odes cr i pt(p.%)e), pur po
Collective case studies cafaborateon the intricate aspects of the complesiti a
phenomenoiwof interest.This case study design waleemed appropriasence the aspects of
explanation and justificationthehowand thewhyinquiries of pr ospecti ve teach
understanding of whole number concepts and operatieres centrato this studyand oudpt not
be separated from their contexithin the study(Yin, 2003) Through the selection of multiple
casesthis collective case study intended to increase the applicatilitye findings (Merriam,
1998;Yin, 2003) as well ag providethe desired bidth in illustrating the ways in which
prospective teachers with different content knowledge degdlbyeir conceptual nderstanding.

Research Setting

Participants
The research study took place at a mpjdblic, urban university inhie southeastern
United StatesThe research participants were primarily prospective elemetei@ciies or
prospective tedwers of exceptional educatiohll 32 participants were female students and were
classified wih at least sophomore standihg particular, this matheatics content course was
comprised of 18 sophomores, 8 juniorsand 6 seriolse uni ver sityds I nstit.
Board (IRB) approved all aspects of tetady(See Appendix A Also, every student who

participated in the study agreed and signed amrnmd consent letter (See Appendi). B
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This study was conducted during theisg semester of 2007 in a foaredithour
semestefong undergraduatelementay mathematics content courdéis particular course
servedas the prerequisite to the mathemstnethod course that the elementary etiluca
undergraduate students tgatkor totheir first internshipThe excetional education majors took
this mathematics content course as tbaly required mathemateducatiorclass intheir
program.During the spring term of 2007, this course convened twice per week and esgh cla
sessiorwas scheduled to la$i0 minutesThe prospective teachelgegan the course discussing
problem solving activities for two class sessions and the whole number concepteatid o
instructional sequenagas conducted over a-Egssio period.

Theseprospective teacheparticipated inclassroondiscussionsising a problenbased
curriculum that require@rospective teachets work on mathematical problems first
individualy or in small groupskollowing the initial exploration of the problems at the
individual or small group level, thgrospective teachetsok pat in wholeclass discussionin
order to facilitate small group interaction and discusgoospective teagrswere situated in
tables of at least four and no moranthsix participants per tabl€he specific individuals who
were selected for case study analgsesdiscussed in much greater detail in the section labeled
selection of participants

Research Tem

The research team for this classroom teaching experiment consisted of eight members.
These eight members included the course instructor, a mathematics education faculty member,
and sixmathematics educatiaioctoral studentslhe course instructor was associate

professor in mathematics education with significant background in teaching constructively and
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had taught this particular content course on multiple occasions at the same univiersitytpis
research projeci’he mathematics education fayunember was a visiting assistant professor
with background in design research and particular insight into the research on whole number
concepts and operations aeaultof her own dissertation researékmong the six doctoral
students, three includeddividuals who were particularly informedth the research literature
and topics involved in this project tss researciprovided daa for their own dissertation
projects.Research team members played an essential part in observing each class sesflion as
as reflecting individually and collectively dog weekly research meetings.
Hypothetical Learning Trajectory (HLT)

According to the works of Simon (1993, 199 hypothetical learningajectory
HLT)wi 'l serve as fit he ttehaec hpeartdhs bpyr eadhii ccthi d ne aarsn
(Simon, 1995, p. 35Even though previous research and familiarity with research participants
can illuminate the expected path, the actual trajectory or path iy mapossible to amtipate
completely in adance Everyclassroom community maintains its own identity and each
individual possessédger own unique learning stytgven the contextAndreasen (2006) paved
the way for thenticipaed learning trajectory in the collective setting as it predicts the ma
ideasinvolvedip r o s p e ct i progressiendowdrds prefiGiency with whole number
concepts and operations.

As with previous studieAndreasen, 20Q6VicClain, 2003;Roy 2008 Tobias, 2009;
Wheeldon, 2008 this research efforttsedc h i | dnogeess@o gyide prospective tekce r s 0
development of whole numbeonceptsand operationdue in large part to the limitation of

research with prospective elementary teaddagelopmenin this contextln the past,
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classroom instructiomitiatedwith learning goals of counting, unitizing and the ability to
decompose and composembers in a flexible fashioithe development dhese learning goals
contributedto the synthesis of meaning and approaches in computational fluency with addition,
subtradon, multiplication and divisionThis current research initially utilized the HLT

provided in Table 3 in accordance with the findings Ahdreagn (2006) Note the manner in
which for each phase of the instructional sequence, the learning goaldewehedefined

followed by the tasks and tools used to support instruction.

Table 3: Initial Hypothetical Learning Trajectory, Andreasen (2006)

Supporting tasks for

HLT phase Learning goal instructional sequence

Supporting tools

Snap cubes, 10
frames, and open
number lines

Count and unitize Counting strategies and

Phase One . - .
objects efficiently | representations, 10 frames

. . Pictorial
Candy factory scenario )

Flexible T . . representations of
. . invelving estimating,

Phase Two | representations of . F = boxes, rolls, and
packing and unpacking . T )
numbers = = |pieces and inventory
candy. and inventory forms y

forms
Pictorial

representations of
boxes. rolls. and
pieces; inventory
forms: dot arrays:
snap cubes: and
open number lines

Candy factory transactions,
inventory forms. 10 frames,
dot arrays. and context-based
problems

Phase Three | Operational fluency

As defined by Andreasen (2006), the hypothetical learning trajectory included tbiasesp
initiating with the learning goal of counting and unitizing in phase one, flexible representation of

numbers in phase two and concluding with operational fluency in the third and final phase.
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The learning trajectory used was considered hypothesiiced the instructional sequence
was revised upon documenting and analyzing the way the class progressed through the content
discussedwhile the previous HLT by Andreasen (2006) informed the instructional sequence of
this research study, the actualizedrhing trajectory was finalized by Roy (2008) including all
phases, learning goals and supporting tasks and tools of instruction. Note the three phases in the

actualized learning trajectory of this research prdjelttistrated in Table 4 and the suppting

tasks and tools involved in the instructional sequence.

Table 4: Actualized Learning Trajectory, Roy (2008)

HLT phase

Learning goal

Supporting tasks for
instructional sequence

Supporting tools

[Phase One

Counting

Counting; Skip Counting;
Open number line Problems;
Counting Problem Set #1;
Counting Problem Set # 2

Double 10-Frames.
and Open number
line

[Phase Two

Unitizing, Flexible
representations of
numbers

Estimating with Snap Cubes:
Candy Shop 1: Candy Shop
Exercise 1 (Exit Question);
Candy Shop Exercise #2:
Torn Forms

Snap Cubes; Boxes,
rolls and pieces;
Inventory forms

Phase Three

Invented
Computational
Strategies

Candy Shop 2: Candy Shop
Inventory: Candy Shop
Addition and Subtraction;
Inventory Forms for addition
and subtraction (in context);
Inventory Forms for addition
and subtraction (out of
context): 10 Dot Frames;
Broken Machine;
Multiplication Scenario.
Multiplication Word
Problems: Division Word
Problems

Boxes. rolls. and
[pieces: Inventory
forms; dot arrays:
and Open number
line

Phase one

focused

on t he |

ear ni

ng goal

of

c

and flexibly repreenting numbers and the third phase was concerned with the invented

computational strategies the prospective teachers as they progressed through the instructional

49

o



sequence on whole number concepts and operations taught entirely-8ibstsectional
Sequence

Thisresearch studyreligde avi | y on previous research eff
development of whole number concepts and operafisakescribed in the literature review
section.The hypothetical leaing trajectorypredicedtheanticipatedpath dng which the
participants would progress. At this junctuiadings of previous researdifortson this target
audience regarding their experoes with whole number notiomgll be presentedwhile
knowl edge of c¢hi | dstamdimgo$whbleenambericangeptssanddopevatiodse r
proved quite valuable rpspective teehers presented a different challenge than children.

Prospective teachers in education programs have had a lifetime of learning prior to entering the
classroom. Hencehey could nobe expected to simply forgo th@revious notions familiar to
themregarding whole nmber concepts and operatiortpkins and Cady (2007) insisted that
prospective teachersodo | earning of whota@ numbe
familiarity with basel0. How couldarealistic situation be provided asetting for prospective

teachers to examine their understanding of these notions without the familiarity getting in the

way of exploration?

Gravemeijer (2004) discuss#te notion of Realistic Mathematics Education (RME) by
situating students in a realistic environment
occur in a similar setting to where the notion was bgpesl The courseised for this research
project was @signed in accordance withe notons of RMEat the Freudenthinstitute in the
Netherlands (Freudenthal, 1998he guidelines in place pertauito three principles consisting

of guided reinvention, didactical pi@menology, and emergent mod@saveneijer, 2004.
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Briefly, guided reinvention placed prospective teashe@ ontext that hado make realistic
mathematical sense to them in order to examine and reirfneentdthematics for themselves.
Didactical phenomenology refers to the instructiorivéies and the precise content and
sequence in which they wilebdiscussed with therospective teacherBinally, emergent
models deal with the examination and potential evolution of models utilizptbbpective
teacherover time.

Following the reommendations of RME, all instruction during the course of this study
occurred in bas8 which providedarealistic setting and yet allowéddr perspective teachers to
Areinvent o their notions of Dealingpwittea differanltaser c onc
system undoubtdy causednitial discomfort and lack of fartarity which ultimately alloned
for deep explorationfan adutl e ar ner 6 s | o sarggardirglthe regearch togitprt i o n
(2004)in working with undergraduate students stipedathat novice learnefsas prospective
teachers would be a baseB settingi must go through an unstable transition time in order to
become expert in a setting. addition, research has long shown that optimal learning takes place
on occasions whentgtents are asked to defend their ideas and make sense of the mathematics
they are learningBall, 1991, 1993; Tall, 1992RAs prospective teachgprogressdthrough this
instructional sequence taugimtirely in base, theyexperiencd some cognitive dsonance and
benefiedfrom making their own conjecturebhey discussdand refleatdon their own
manifestations of whole nurebnotions and operations and wasied to examine differing
opinions during the course of instructi@@obb, 1999, 2002; Cobb Wheatley, 1988; Cobb, et

al., 2001; Schoenfeld, 2002; Sfard & Kieran, 2001).
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Consigent with the notions of RMEhis instructional sequeneeasplaced in the context
of téhredyiCShopo (Bowers, 1996 ; InBwestgatisg, Cobb & |
chidr ends devel opment of whole number concepts
Bowers and colleagues discovered that children improved their texugirey of place value
notionsandnumber concepfand enhanaktheir notions of algorithm&hildren in these studies
gradually built onplace valueonceptdy composing and decomposing numbers as wétieas
exploration ofaddition and subtraction strategies inandodtdfe cont ext of the i
(Bowers, 1996; McClain, 2003).

In order to gudeprospective teachetswards thestated goalsf this research stugyhe
HLT provided the foundation for thprospective teachers to interact with their content
knowledge ofwhole number conceptnd operationsThe HLT whichguided our instructional
sequence wasomprised of three phasé&uring the initial phase of the instructidrisquence,
the activitiesemphasizel counting and unitizingP?hase twaequired prospective teachgto
represent numbers flexibly by composing, decomposing and soeseéien recomposing
numbersPhase three in this insttional sequencemphasizé fluency with whole number
procedures and operations as well as the development and examination of accurate and efficient
algorithms for the addition, subtraction, multiplicatiand division of whole numbers.

Instructional Tasks

As we discussed in the previous section, the instructional sequence was designed and
implemented entirely in base The instructionatasksincluded a variety of problems and
scenarios in order to prie prospective teachers the opportunity to explore their understanding

of whole number concep&nd operations See Appendix Cn order to distaguish between
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nomenclaturesf numbers in bas8, particularly due to the familiarity of number names iseba

10, a specific convention was adoptedimgigithe course of instructioAs the numerals 0, 1, 2,

3, 4, 5, 6, 7 comprise the digits in AEight
to as1l0 (Read, oneezero) For instance, the number foling 10 would be 11 (oreeone)

and the next number after 17 (eeeseven) would be 20 (twaezero).Table5 provided below
illustrates the progression of numbardase8. Another significant number nantleat arose in

the classroom discussions inckdthe number that would follow 7Bevereeseven)n the
sequencekEventuallyafter a rich conversation that foreshadowed the discussion on place value,
this number wasvritten as 100 and referred to as dnandree

Table 5: Ba=-8 Numbers Chart

10 | 11 12 13 | 14 | 15 | 16 | 17

20 [ 22 | 22 | 23 | 24 | 25 | 26 | 27

30 [ 31 | 32 | 33| 34 | 35| 36 | 37

40 | 41 | 42 | 43 | 44 | 45 | 46 | 47

50 [ 51 | 52 | 53 | 54 | 55 | 56 | 57

60 [ 61 | 62 | 63 | 64 | 65 | 66 | 67

70 71 72 73 74 75 76 77

As theprospective teachepogressed thigyh the instructional sequence, they were
asked to skip count forwards abdckwards by specific numbef=or instance, the course

instructor would ask thprospective teachets beginonthemmmber 5 and skip ¢
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Not only didprospective teache realistically gain practice in mentally counting numbers, but

they also encountered benchmark numberkarsequence of baSenumbersPurposefully, the

course instructor would lead discussions to arrive at anticipated numbers such as the number that

would follow seven or seveaeseven.

For the first few class sessioofthis instructional sequenci the beginning of each
meeting, the instructor wouldcclimateprospective teachevgith base8 by asking theno skip
count.The nextinstrudional task introduced incorporatéde pedagogical content tool called
A D o ulfd-frame® By askingprospective teachets think in terms of bas8 using the Double
10-frames, the instructor explored the manner in which the prospective teachers would combine
numbers mentallyFFigure 6 below illustrated an example involving 2 and 6 dots on the Double
10-frames. Next, prospective teachers were asked to mentally combine the total number of dots

represented on the Double-tGmes and describe how they arrivednaiit answer.

Figure 6: Double 13Frames Representing 2 and 6or a Total of 10.
Using the overhead pmgtor, the instructor display@edmbinations of doten the

Doublel0-frames, but only alloedapproximatelyZZ seconds before aski
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di d y oThess questions allowgdospective teachets think in terms of bas8
efficiently and at the same time led to class discussions which illustrated the unique, creative
ways that differenprospective teachemwould combine numbers mentally.

Consistent with Real i st i ocipldeféentegentniodeiing, Edu c
teachers often uggraphs, diagrams or notations to record stusdentt h i Pedagogiogl.
content toolsepresentevices used to record and eventually connect stsillent hi nki ng as
explore the mathematics at hand. Acaogdo Gravemeijer (2004), as students model their
i nf or mal Thkeaimisthatthe racslel with which the students model their own informal
activity gradually develops into a model for more formal mathematical reagonirigp . 11 7))
During thisreseach study,the instructor employed@edagogical content tool classified as a
transformational recordSuch diagrams or graphical representations are considered
transformationakince they initiallyreflectstudensd t hi nki ng weavdanthallyt he hope
studens usethem to answer new problerflRasmussen & Marrongelle, 2006)

In order to recorghrospective teachéis r esponses, the instructor
introduced a transformational record callecbaen number lineThis transformational recd
served multiple purposes including (1) documengingo s p e c t i thirking, ané&(2)h er s 0
providingprospective teachesstool to be utilized in representing and solMimgher problems.
The open number line depicted a blank number line withouparticular numbers initially
marked. Upon analysis pfospective teachdis u s eopenfnumbdr knas a
transformational record in this phamumbesaré ar r e
not placed on the line in predetermined locatioatsare added to the line to represent the

mathematical moves in the givenbn to the particular problesn ( p. 98)
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The instructords use of the open number

teachersiext encounteredddition and subtraction giolems in theontextof the candy shop.

The instructor modeled the open number |

in the candy shop. I make 13 mor & Figuserydote s .

theway theinstructor reorded thenathematical movebirough the use of thgpen numbr line

+10 +2 +1

30 40 42 43

Figure 7: Il nstruct o mpe dlumbes keine tofRecordh udesdThinking

The open number line served two purposes in that it allowed for the actepatdon of

the mathematical moves of adding eeezero first, followed by adding two and then one candy

to arrive at the total foueethree candiedt must be stated that the jumps indicated are not

proportional Note thatthis system of documentimgr o s p e c t i thoaghttpewaessh er s 6

would be modified in its role as a pedagoguahtent tool as it leritself to solvingfuture
addition and subtraction problems

As the instructional sequence moved framdiion and subtraction towards dealingtwi

multiplication, prospective teaclewere also presented pictorially with boxes, rolls, and pieces

of candywithin the candylsop scenarioln this scenaridyoxes contained 10@nehundree)
piecesandrolls contained 1Qoneee-zem) individual piecs of candyFigure 8illustrates the

images that the prospective teachased during the courséthe instructional sequence.
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EBox Eoll Piece

cy O

Figure 8: Boxes, Rolls, and Pieces as Used in the Candy Shop

The prospective teachers also used thwein sketchesf the boxes, rolls and piecesitlustrate
their thinking throughout the course of the instructional sequétsca.box contained 10 rolls
and a roll contained 10 pieces, this multiplicative relationallogved for prospective teachgito
beginunitizing (Cobb & Wheatley, 1988Yhus far in the first two phases of the instructional
sequence, prospective teachesed various instructional tasks towards the learning goals of
courting and unitizing.

Also inthe second phase of the instroothl sequence, one of the intended focuses
revolved around the accomplishment of the learning goal of decomposing anosaomp
numbersAs prospective teachgbegan to use boxes, rolls,andpie s -t og@épnder o
Abr-epkno pasihdydegrabappropriatethe need for a more efficient method to
recordthe amounts emergetihe instructor introduced the secbinansformational recofid
open number linbeing thefirsti called an Inventory ForniNote in Figure 9, the way that the

Inventory Formpurposefully has separated the number of boxes, rolls, and pieces.

Boxes| Rolls | Pieces
2 3 1

Figure 9: Inventory Form lllustrating 231 Candies
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Up until this part of the instructional sequence, the prospective teachersdxplor
countng, unitizingas well aghe composition and decompositionmefmbers irthe context of
the candy shofuring the third and final phase of the HLT, the candy shop provided the setting
for students to engaigrv évhoteamebarmperatpphisiné ways t o
instructor once again us@dages of boxes, rolls and piecédllustrated in Figure3 earlier- in
order to showwombinationf boxes, rolls, and pieces on the ovethpsojector Next, she
asledthe prospective teachets give thetotal giventhetwo configurations, or given the total
amount of candies forovide the missing amount of can®&ych tasks required tipeospective
teacherdo efficiently compute addition and subtraction problems in the absampreconceived
algorithms These tasks along with subsequent ones, allgrnaspective teachets examine
ways of performing whole numbeperations in and out of themtext of the candy shop.

Towards the end of the third phase, tasks were provided to encourage multiplobedi®n i
in the context of the candy shop through the use of a broken malchihes scenario, instead of
10 representing the number of objects packaged together, the broken machine would place
different amounts such &ssticks of gum in a pack. In this tasce prospective teachetadthe
opportunity to reason and use their knowledge of unitizing and addition to construct their own
notions of multiplicationIn the various problems providetietbroken machinglacel different
numbes of sticks of gum ira packi for instance 6, 17, 16, and 2t order to foster
multiplication strategies.

The broken machineas bllowe d by t he @ E geth€iastructomal Scenar i
sequence. Thimstructional task presentg@dospective teachevgith eqg cartons irvarious

dimensions. e prospective teachergere provided the following multiplication scenarioA
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marketingteam has creatatireenew prototypes for an egg cartétow many eggs would fit in
an (a) 5 by 6 (b) 6 by 12 (c) 3 by 16 egg carton? Explain an u sThisi nfulgiplication
scenario was utilized to support computational strategies using higsrénd visual reasoning.

Finally, the instructional sequence concluaeth story problems that fosiea
prospective teachdydevelopnent ofalgorithms in accurate, flexible and efficient mannémns
summary, the various instructional tasks provided throughout the three phases of the
instructional sequence provided the opportunity tmvent whole number concepts and
operations in bas8 while develping a deeper understanding in a realistic setting.

Interpretive Framework

Thisresearch effonvas designed as a d¢ettive case study in whigbrospective
elementary teachers devegajiheir understanding of whole number concepts and operations in
the social context of a classroom communitlgis qualitative research documented the
development oindividual prospective teachers in an undergréslnzathematics content course
through the examination of their mathematical conceptions and acti@tieknt learning \as
exploredu si nge merggefmt perspectivedo as individuals
classroom discussiorf€obb, 2000; Cobb & Yackel, 1996; Yackel, & Cobb, 199%)e
emergent perspective served as a theory of learning that anateg both the social and
individual dimensions without either taking primacy over the other (Cobb & Yackel, 1996).

Perhaps the single most important aspect of this thesidein its reflexive nature.
The social and psychological perspectivesiareier r el at ed and fAthe exi st
the existence of the othero (Stephan, 2003, p

assumption of the emergent perspective iséetha
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activities nor classroom mathencal practices can be accounted for adequately except in
relation t o tCbhbeandracket(1986) frqvideth8 ihtérpretive framework
empha&izing the emergent perspective. In Table 6, note the social and psychological perspectives
and in @rticular themathematical conceptions and &it§i in the psychological perspective.

Table 6: Interpretive Framework (Cobb & Yackel, 1996)

Social Perspective Psychological Perspective

Social Norms Beliefs about one's role, otheroble, and
general nature of mathematical activity ir
school

Sociomathematical Norms Mathematical beliefs and values

Classroom Practices Mathematical conceptions and activity

In recent years, as more resegoobjects havémplemented the emergenggpective,
the ®cial aspects of this framework have been highlighted in the context of prospectiv
elementary teachers (Andreasen, 2R&@y, 2008; Tobias2009 Wheeldon, 2008 Further
examination of the psychological perspective would provide a moch ocomprehensive picture
of prospective teachersd understaWhkiléng of who
mathematical beliefs and beliefs regarding roles constitute an important part of the interpretive
framework, his current research project intdad to highlighthe psychological perspective by
focusing on the mathematical conceptions and activity of individual prospective teashieey
interact with the social correlate ohskroom mathematics practices.
As such, both the social aspectdearning as well as the concurrent individual
component must be considered and discussed simultaneBiggihhan (2003) elaborated on the
interrelation of the soci al and psychol ogi cal

depends on the existence ot h e ot WMaekeland ¢opleaguebr@gkel & Cobb, 1996)
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mai ntain that individual student Galtumaré¢ hemat i c
related in a reflexive fashion. The interpretive framewallkistrated earlier in Table 6
conasely related theole and interrelation of theocial and individual components.

According to Cobb and Yackel (1996), classroom mathematical practices represent the
third and final aspect of the social perspectiey (2008) extended previous reseagtforts by
focusing on the classroom mathematical practices developed by prospective teachers in learning
whole number concepts and operations through an instructional sequence situate® in base
(Andreasen, 2006; Bowers, Cobb & McClain, 1998)rder tocontribute to the existing
literature, his research effort was particulamhterested in exploring the development of
individualpr ospective teachersd understanding of wh
through the analysis of mathematical conagystiand activities as it occurred within theocial

classroom dynamic

Selection ofParticipants

Sampling Procedure
During this researcproject, the research questimvolved examining the conceptual
development of prospective teachers in understgndghole numbers conpts and operatioress
it occurred during an instructional unit in be&dresearch efforts have discussed prospective
teache s® knowl edge tastudent thioking and achiesdmdHill eRdwan &
Ball, 2005; Lassak2001;McAdam, 2000 Sfard & Kieran, 2001). In the context of whole
number concepts and operatiotiss research project intended to further elaboratendividual

teachersd devel opment i n -8 Thispropa airhed to investigan a | un
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if andhowan individualprospective teacher with a strong initial content knowledge would
develop differently than one with a weaker initial content knowleDge.to the qualitative
nature of this projecthis researchezhose a purposive samplingategy in order to use a
criterion-based selection process to choose the targetipants forthe case studyin purposive
sampling, the primary goal is not one of generalizability, but rather the understanding of
concept or topic in detail. Maxwell996)s t at ed t hat fselecting those
individuals that can provide you with the information that you need in order to answer your
research questions is the most I mportant cons
As such he selected participants represent a boundedmysby time, place and context
(Creswell, 1998; Miles & Huberman, 1994; Stake, 2008rder to gain a better sense of the
initial content knowledge of these prospective teachers, this research stuggxivdiscuss a
measure intended to identify the content knowledge for teaching.
Content Knowledge for Teachingi Mathematics (CKT-M)

As we discussed in the literature review chapter, emattiical knowledge for teaching
serves as one of the distinguispicharacteristics of teaching mathemapicsfessionally
compared tanathemécal knowledge needed for various otleecupationgBall, Hill & Bass,
2005).The Content Knowledge for Teaching/lathematics (CKIM) Measuresepresents a
statistically reliake, verifiedinstrumenthat represestthe mathematical knowledge necessary to
teach elementary mathematics including the specific role that thisxcontep | ays i n chi | c
learning (Hill, Ball & Schilling, 2008).

The database of items from this insirent contains questions related to two types of

knowledge: common knowledge of content and specialized knowledge of content. The common
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content items deal with knowledge of mathematics including computing, making accurate
statements and the ability to aectly solve problems. The specialized knowledge of content

items deal with operations, the ability to provide alternative representations as well as evaluating
inventive student solution(®all, Hill, & Bass, 2005)After members of the research team

including the course instructor had reviewed the ite?bstems were selecteshd administered

to the 32 prospective teachers in the clagse Nf the itemselectedvere common content
knowledge items andnother sixteewere specialized content knowledgenits.While the

specific contents of the CKW instrument may not be incledas a part of this stugin order

to provide the reader with insight into this instrument, an exaimpleased by the authardas

been providd in FigurelO.
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Imagine that you are working with your class on multiplying
lage numbers. Among your students” papers, you notice that
some have displayed their work in the following ways:

Student A Student B Student C
) 35 A5
X 25 X 25 X 25
125 175 25
749 I 700 150
875 875 100
+ 600
875

Which of these students is using a method thar could be used
to multiply any two whole numbers?

Method weald work  Method would NO'T

tor all whol- work forall whele  T'minee sure
numbers numbers
a) Method A | 2 R
b) Method B 1 2 3
¢) Method C 1 2 3

Figure 10: Example of Specialized Cotent Knowledge Item
(Ball, Hill, & Bass, 2005)

The 25 tems from the CKIM Measuresnstrumentwere selected as prand postest
items in order to help identify the impact b&tinstructional unit tauglentirely in base8 on the
content knowledge of pspective elementary teachers.

As descriled earlierjn order to gain a more thorough understanding of the individual
perspective, this research endeavor focused on whetsdrers with varying initialantent
knowledge develaggd diff erentlythrough this instructional sequen&imarily, this researcher
was interested in being able to identify at the outf@bugh an objectivenstrument those

par ticul ar parti ebpt krosledwfordeadhiagdersus btbevs who
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di s pl ay-€odn thdHowggigefor teachingn whole number concepts and operations.
The results of the CK-M Pretestscores fomll 32 classroonparticipants (Mean=13.1,

Standard Deviation=2.4) have been provided uaibox and whiskers plot in Figure 11

_'_
% 12'.5 1.8
Max = 18
Upper quartile = 14.5 n = 32
Median = 13 Average = 13.094
Lower quartile = 12 SD = 2.441
Min =7

Figure 11: Pre-test CKT -M Scores

The scores on the Rtest CKT-M for the research participants ranged from a lowest
score of 7 to a highest score of 18 (out of a possible 25.) Thenrsatiee was 13, the lower
guartile was 12, and the upper quartile was 14.5. It is worth noting that the prospective teachers
in this research study did not illustrate a large dispersion in theirl@lstores as 17 of the 32
participants fell in between tiseores of 12 and 14, inclusive. In order to differentiate among the
participants, the researcher considered individuals with-®@Kscores that were below the lower

quartleirher e f ort h r &foert ieamd cohversely mdivitluals with CKIVI
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scores above the upper quartilie e f er r ed -Ctomta@esnti i.ghThi s desi gnat
discussed again in the section related to the selectiodivfdual casa for this research project.
SelectedResearch Participants
As stated previouslyhe prmary purpose of this study involveaploring the
development of individual prospective elementary teachers through the instructional sequence in
base8. It was of particular interest to the researcher to exahanandividuals withdifferent
incomingcortent knowledge would develop theinderstanding of whole number concepts and
operationsand whether they woulparticipate differently in the classroom mieazolture After
all, these prospective teachers would one dapdigidually teaching in their ow classrooms
and thushis research effort wanted to expldneirindividual developmenthrough the
instructional sequencé&o this purposgthe researcher considered individuals with GUT
scores that were below the lower quartie e f er r e d-Co o t &and doriversely
individuals with CKT-M scoresabove the upper quartiler e f er r ed -Cto;mt@&snti i g h
In order toexamineindividuals withdifferent initial content knowledg#&our total
prospective teachergere selected agsearclparticipants.While a case study involving one
prospective teacher 60s d ¢hatere paotiouamirtdividuahgreal hav e
detall, this researchenade the conscious choice of wantiode able to gather more
information in order to compare andntrast differenindividuals. By selectingnultiple
individuals for the purposes of analysis, thi
development while still maintaining a reasonable number of ca@sesofthese individual$
referredto asCordeliai scored below the lower quartile of ITthetwo individual- referred to

asClaudiai scored above the upper quartile of 14.6 reiterate,lis researcher wanted the
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opportunity toexaminemultiple individuals who displayedifferent ino@oming content knowledge
in order to gain greater insight into prospec
and operations.

In summary, lte initial content knowledge served as phienary determinant factor for
the selection of the researphrticipantsin order to exfore cases that involved prospective
teaches with potentialy different experiencgsrior to this instructional sequendee researcher
also considered the following two factovsirying number of mathematics courses takemdu
undergraduate university coursewoakdt he i ndi vi dual 6s refl ecti on
mathematicsThe number of undergraduate mathematics courses could potentially be linked to
the prospecti ve t e aabeieinracaentexdifferent hantwholemwmdr e d g e
concepts and operations. Lastigingthei My EXx per i enc e papetsobmMedt he mat
by each studenn the classthe researcher exploradhat eactprospective teachashared
regarding her prior learning and teachingrathematics.

Data Collection Procedures

The goal of data collection procedumast o pr ovi de an insideroés p

individual and shared experienag#dshe research participantStake, 2006)The data for this
study werecollected from multife sources in adherence to Paftdi990)suggestions:

Multiple sources of information are sought and used because no sing

source of information can be trusted to provide a comprehensive

perspectiveéBy using a combiand i

document analysis, the fieldworker is able to use different data sourc

validate and crossheck findings(p. 244)

A wide varietyof datawerecollected during the course thiis classroom teaching

experimenincluding recordings (video and wenh forms) of whole class sessioasdsmall
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group discussic) prospective teacheartifacts, and/ideo and written recordings ofdividual as
well asfocus group interview@Cobb, et al., 2001)hrough the synthesis of individual
responses along withe individual contributions toward class discussions, the reseamlidr ¢
understand the data in a more thorough fasfiibe.analysis also includenterviews and
written work in order to illuminate the naturembspective teachéys | ndi vi adirgl wunder
and standards favhat constitutes as an acceptadtplanation and justificatioin order to
answer theesearch questioqmut forth ugng a case study methodology, this researcher needed
to havemultiple sources of data for triangulation purpo&&eswell, 1998; Merriam, 1998).

As previously discussed during thergale selection section, data weileo collected
through the administration of the Content Knowledge for Teaching Maithes{CKTM)
Measures database (Hill, et al., 200Bjore andhfter the instructional unit on whole numbe
concepts and operatiorisastly, all members of the research team took fiek@siduring each
class sessioOften times, these field notes were discussed during the weekly research meetings
and they contributéquite heavily towards instructional decisions and future planning.

Videotaped data weiellected to capture the whebtass discussions through the use of
3 concurrent video cameras fromfdrent areas in the classroo®ne camera was placed in the
center back of the classroom and focused on whole class discussion and followed any individual
student who spoke as a partloé whole class conversatiohnother camera was situated
towards the back right of the classroom and wagyded to focus on ganwork done on the board
and/or work displayed on the screen ugimgoverhead document camehahird cameravas

positioned in the front left of the room and wWasused on the instructor and individual
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prospective teachees they engaged in conversas as well as any questions or challenges that
were mised during class discussion.

Throughout this research effort, a large volume of data including personal statements and
prospective teacher artifacts were collected from each of the research pagi€igar to the
instructional sequence, the instrcasked each personto subeminepage A My Experi e
with Mathematicsodo entry. This personal statem
teacherdéds background an dntenespteeseiwetimgs exdudaedthe mat h e
challenges and successes that the individual had shared in learning and teaching mathematics.
Upon the start of the instructional sequence, the researcher wéhbdiséance of the research
team,collected any artifastproduced by the prospective teash&hese artifacts included all
notes, problems explored during classroom discussions, homework assignments, and tests.
Each of these prospective teacher artifacts were closely analyzed in order to gain a better
undersanding of the development of whole number concepts and operations by each individual.

All four individualprospective teachersho were selected as research participaete
interviewed individuallyatthe beginning of the instructional sequence a$ ageht the end of
the unit on whole number concepts andmions.These individual interviews were all
conducted by this researcher and lasted approximately 45 minutes. Each interview was
videotapedand transcribed for later analydBuring these intetiews, the researcher began with
a set of questions to be addressed by each particiganprimary purpose of these interview
guestions involved gaining insight into each
concepts and operations prior to thetructional sequence. These interviews also served as a

baseline of illustrated understanding of the mathematical topics of infevesto time
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constraints and the responses provided by a participant, not all questions were asked of all
individuals.A copy of the questions used to conduct the wgrs was included in Appendix.D
Furthermore, the researcher exercised opportu
mathematical conceptions by asking folloyw questions.

In addition, a foas group intervievof the research participanisas conductedt the end
of the instructional unit toeflect on the individual anshared experiences base8 as well as
anyimplications on whole number concepind operations in base Ttis focus grop
interview was conducted bydifferentmember of the research team and lasted approximately 1

hour.All focus group sessions were vidaped and transcribed fpurposes of analysis.

Data Analysis Procedures

The analysis for this research was condiictging the transcriptions of the classroom
discussions, the audiotapes of the small group interactions, the videotape of each individual pre
and postinterview, the videotape of the focus group for the case study participants, and all
additional documestcollected from each participaimcluding homework,dsts and classroom
activitesFur t her more, field notes and research tea
were collected and analyzeElhe anal ysi s of the devel opment of
undestanding of whole number concepts and operatiwas divided into two portions: the
individual development and the participation in the classroom mathematical practices.

Analysis of the Individual Development
The individual development was analyzed pgtematically examining each prospective

teacher prior to the instructional sequence, during the instructional sequence and following the
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instructional sequence. In examining the data prior to the instructional sequence, this researcher
analyzedthepersanl st at ement <call ed AMy Experience wi
videotaped and transcribed personal interview which took place before the beginning of the unit
on whole numbers concepts and operatiddgting the instructional sequence, all prospextiv
teacher artifacts including notémymework class activities and tests were analyZéds
analysiswas dividednt o sections which highlighted each
understanding of the main concepts within the instructional sequenceusisaiiéd in the
chapters 4 and 5, each participantdos devel opm
place value and counting strategies, addition and subtraction strategies, and finally multiplication
and division strategies.
Following the instuctional sequence, the individual pasterview and the focus group

including all research participants were closely analy@eding the postnterview, individuals
revisited some of the problems they had been asked to solve during-theepriew aswell as
follow up questions and reactions to the instructional sequ&hceinterview focused on
aspects of the individual 6s experiences throu

U Changes in understanding of whole number concepts and operations

U Roles ad responsibilities as a participant in classroom discussions

i Comparing and contrasting ba8@&nd basd.0

Analysis of Participation in Classroom Mathematical Practices
Roy (2008) identified the classroom mathematprakticeghrough analyzing the

classoom argumentatiom the same environment with the same group of prospective teachers
as this research effort. This researcher played an active role in the aforementioned analysis of the
classroom argumentation by Roy prior to the examination of the piggibal aspects of the
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interpretive frameworkThe social aspects of argumentation indicated how and to what extent
each individual contributetb and on occasion steered small group and whole class discussions.

Model for Analysis of Classroom Argumernitat

Toulmin (1969) in his bookThe Uses of Argumenliustrated the concepts ofaims,
data, warrantsandbackingswhich have been prevalent since their publication in various social
science research settings as well as mathematics education refeargH. mi n6s model of
argumentation was briefly discussed. Next, th
conceptual understanding of whole number concepts and operations was aligned with her support
for argumentation was analyzed. At that point, amyilarities or differences among the
prospective teachers were described in the arass analysis in conjunction with the description
provided by Yin (2003). Toul minds argumentat.
as well as the specificpart of t hat argument as they emergeé.
further elaborated, or restructured is indeed socially motivated as the individual attempts to help
ot hers 6seedd heWhiptoemaclof& vKkreiwppi ng, 2002, p.
According to Toulnm (1969), in the course of argumentatiogj]ami s a ficoncl usi
whose merits we ar edatsaerek itnige tiof ecttsabwe sahpp eanld
for the cWariantsar épfigémderal , hypotheticges, state
and authorize the sort of step to which our p
frequently, data will be declared or stated rather explicitly, whereas warrants are largely left
implicit unless specifically asked for or challenged. Finalgbackingof an argument is often
ti mes not specified. fiBacking is other assur a

possess neither autlitgrnor currency  ( p .. Sinde @8 griteria that researchers use in order to
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gauge the validity of aargument varies (Cobb, et al., 2001; Whitenack & Knipping, 2002;
Yackel, 2002), this researcher has provided an example of a classroom argumentation in the next
section.

Example of Classroom Argumentation

Whitenack and Knipping (2002) coordinated Toulln®@ ar gument ati on and
instructional theory of RME to analyze the discussion of a segaamde classroom in the context
of whole numbers and operations. They maintained that prospective teachers engage in
mathematical reasoning when their ideas, expiamaiand justifications are at the center of
classroom discussions.

During this example, a"2grade student was asked to explain her solution given the
problem 23 16 = . The student proceeded to explain that¥3= 7 because 16 + 7 is 23.
In this example, the mathematicdimwas (231 16 = 7). When the student attempted to
support or Agroundo her cl| aidaminthe argument. Oncega ( 1 6
student asked her to explain how her data supported her claim, she ekpleimer by saying
that Ashe added 4 to get to 20 and 3 more to
order to further support her data qualified aswherantin this argument. According to
Whitenack and Kni ppi rbgdge between the aonalusion {claifin)saedrity e s a
data and grounds the ensuing inferences. o0 (p.
l ine of sortso or a gener al expression that a
provided thebackigi uponrequestb y st a tuserBg 4 i8 b, the aswer 8 7

(Whitenack & Knipping, 2002)
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Often times, a graphic representation has been used to outline the argumentation in a

rather succinct fashion. In Figure 12, Whitenack and Knipping (2008)rated and

summarized the previous argumentation regarding the initial problemiot@3 ?
16+7=23 Because < 23-16=17
| > So
data Since conclusion

|
16+ 4 =20 and
204 3=23

| warrani

On account of

3+4=T7s0the
answer 1s 7

backing

Figure12An Il lustration of Toul minds Argu

(Whitenack & Knipping, 2002, p.443)

As a part of this case study anadyshe researcher demonstrated the manner in which a
particular participant provideclaims, data, warrantandbackingsto facilitate and at times lead
whole classroom discussion. Furthermore, the
for collaboration between the social and the individual aspects of the emergent perspective to
describe the individuals in the case study and their participation in classroom discigsions.

il lTustrating the i mportance o0 pmentlasitcontnbditedvi du al
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and sometimes pushed classroom argumentation, this research effort has focused on highlighting
the significance of the psychological perspectives of the emergent perspective, and extending the
research on the impact of individualghin the saial classroom setting.ne research analysis
of prospective teacherso6é6 mathematical concept
mathematical practicemnd social normestablished by Roy (2008) and Andreasen (2006),
respectively, would @vide a much more detailed accounpof o specti ve teacher s¢
understanding of wholeumber concepts and operations.
Analyzing the Individual Activity within the Classroom Dynamic

Thetranscriptsf the classroom argumentation were previously analyzed usin
T o u | 3(1969%method in which the researchers identifdaims, data, warrantsand
backingsl n order to document and analyze the indi
dynamic,Glaze r a n d s (3967) eonssitc@mparative method was empldye identify
any existing patterns i nclaimg) datawarchnisandbackingsont r i b
This method was also used to synthesizartheners in whiclthese prospective teachers
developed an understandiafjwhole number concepts anderations.

As witnessed earlier through the Whitenack and Knipping illustration (Figurelais,
data, warrantsandbackingsprovide the different ways that an individual participated in and
contributed to the ar guacpationwadidemiied aspraviding i ndi vi
minimal, some, moderatg extensivesupport in classroom argumentation as it led to the
establishment of the classroom mathematical practicasireg takenras-shared

Minimal support indicated none or virtually notigent participation in the classroom

discussion. On occasion, the prospective teacher may provide a claim or data without
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connections to other argumentati®@amesupport signified an increase from the previous

category, however; this classification wasestly initiated by the instructor. The prospective

teachersdé contributions moved the discussio

the classroom argumentatidvioderatesupport indicated a steady back and forth participation

by the individuain classroom discussions. This classification of support for argumentation was

often initiated by the student and xensivavas i

support signified a continuous, insightful contribution to the classroonmdgn@his particular

classificat:.

woul d fdAchall

on was primarily reserved for i

enge or pusho the t hNaeeachg of t

individual p r olanmsedatd, @rrvamts, andbackingsaavesbéen identified per

each of the classroom mathematical practices that were established as a part of this instructional

sequence.

Guidelines for Individual Participation in Argumentation

N/A

Not Applicable

©

No or Minimal Supporbf Argumentation

O

Some Support of Argumentation

o

Moderate Support of Argumentation

Extensive Support of Argumentation

These classifications are illustrat@dmore detaiin the summary section of each case analysis.

Lastly, this researcher alsashed tofurther explore angimilarities and differences

betweerthe prospective tedwerswho participated in this research study throagirosscase

analysis(Stake, 2006; Yin, 2004f he i ndi vi dual s6 devel opment
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counting streegies, addition and subtraction strategies, as well as multiplication and division

strategies were analyzed sidg side in order to provide trends in their understanding. Also, the
crosscase analysis examined t he aplrobtiseglassroomve t eac
mathematical practices in order to identify any similarities or differences in the way each

participated in providinglaims, data, warrantsandbackings Details of these analysbave

been includedn chaptes 4-6.

Trustworthiness

In conducting qualitatie research, the researcher neddqutovide the burden of proof
on issues of trustworthinedsncoln andGuba (1986) emphasid¢he importance ch
researcher taking precautionary steps along the various stages of a reseaobr éndmsure
the trustworthiness of the findingbhroughout this study, the design and implementation of the
project allowed for a prolonged engagement and persistent observation of the research setting.
To begin with, the researcher and the reseaar t@aintained extensive and meaningful
communication with the prospective element@achersn the mathematics classrooirhe
researcher along with at least Bthermembers of the researtdam- remainedactively
involved in every single class sessiuring the 16day duration of the instrucinal uniton
whole number concepts and operatiofsirthermore, the researcher continuously collaborated
with research team members before, duringadtet the selection of thgarticipants who were
chose for the case study analysMembers of the research team were in accord regarding
which participants would be able to provide the desired research and accongiigkritions of

this project.
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Another strategy used in order to ensure trustworthiness invisleadulation.As Stake
(2006 s t t@ahgelationfis an effort to see if what we are observing and reporting carries the
same meaning when found (p @l®)éMritten artifatts videatapes,ci r c u
audiotapes, intervies\and other difacts such as tests and assignments granted avenues for the
exploration, clarification and verification of results that were examined during analysis.
Triangulation was used bylahembers of the reaech team athe learning goals of each
classroom segm, and all instructional tasksere discussed (Lincoln & Guba, 1986; Stake,
2006) Next, theyreflected on potential courses of action after each eladsluring research
meetingsFurthermore, triangulation was used to compare the classroom observatiothe
written artifacts, and to compare interview and focus group responses with exercises,
assgnments and other assessmefittdata that required coding warelependently analyzed
and then discussed lengthvia cross chedkg with another membeof the research teata
verify each of thelaims, data, warrantsandbackingsthat had been transcribed.

Upon the completion of the analysis stage of this research project, a rich and extensive
narrative will be provided so that interested partiesesamine the transferability of the findings

and to draw conclusions relevant to their area of interest.

Selection of Individual Cases

The researcher conducted interviews prior to and then again after the instructional
sequence, collected student atis and examined contributions to classroom discussion during
the instructional sequence as well analyze a focus group following the completion of the

instrudional sequencdn order to provide a full, rich story for each case study participant, the
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resarcher made a conscious choice of writing about one individual from each classification of

initial content knowledge. Specifically, the analysis of the individualscisethis research
effortfocusdon Cor del i a and Cl| audi a @ecepteancopesapomse nt 0 |
through the instructional sequence. Following the individual analysis, acasssnalysisf

these two individuals wadone to syntésize the cases andloild a more complete picture of

individual p r o s p endirigiofwbkole nwebarcdneeptsadd openatioas: st a
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CHAPTER 4: THE CASE OF CORDELIA

Cordelia had taken no previous undergraduate mathematics or mathematics education
content courses prior to the course used for this research. In the beginning of theatiourse
prospective teachessibmittedaonp age A My Experience with Mathe
gave an insight into her motivations of wanting to know the reason behind mathematical notions
and her desire to understand mathematics at a deeper contmylal

I 6d Ili ke to think of myself as
when my teachers couldndét answ
Obecause t hat |aways thaughtthete is a easah avim
things are done a certain way and tmay teacher should know why
€l hope to do welkarn things intalvay better toa
teach my future students.

Cordelig, January 2007

On the CKFM Pretest instrumentCordelia had a score of 10 which placed her in the

A L oGw nt e agoryg of mathematical content knowledge at the outset of this research.

Individual Development

In order to specifically illustrate the development of each individual through the
instructional sequence on whole number concept®parations, this resedmerdecided to
exami ne t h eeveloprdenown sevkraldelveds sFirst, this analysis focused on what was
known about each individual prior to the beginning of the instructional sequence. Next, each
participanés individual artifactsi outside of hecontributions to group and classroom

discussion$ wereanalyzedThe third level of analysis occurred based on what the individual
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revealed during the poestterview as vell as her participation ia focus groupnvolving all
research participantShebur t h | evel of analysis involved e;
social situation of the classroom.
Prior to Instructional Sequence

During the preinterview conducted prior to the beginning of the instructional unit on
whole number concepts anderations situated in ba8e the researchéwho also served as the
interviewer)asked Cordelia some questions related to place value, whole number operations and
her role in the classroanhese pranterview questionsvere all in the traditional basg0
system since the participantsdheot been introduced yet to the ba&sesystenin the instructional
sequencéWVhen asked the questiaghnWr i t e t he numbers 1 through 3¢
meaningfultoyou 6 Cor del i ads r espons dhepagesandwappedareadasn al |

12345678910 11 12 13 14 15 16 17 18 19 20 21
22 23 24 25 26 27 28 29 30 31 32

Here, it should be noted that no breaks were made with respect to tens and ones by Cordelia and
the grouping of the numbers seemed to be determined by the space on the page rather than any
particular notion of place valués the follow up question, the researcher asked:

Interviewer Which numbers are comparable?

Cordelia The numbers 1 through 9. And thed through 32.

Interviewer How is that?

Cordelia: Well, 1 through 9 have a single symbol and 10 through 32 are two

numbers putogether.

Notice again that while Cordelia did distinguish between single digit and multidigit numbers, she

did not atach a definite significance to 10 or place valuexiNthe inteng@werwanted to
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examine whether Cordelia would connect the next place value of 100 involved in a number such

as 102.

Interviewer Would you write the number 1 through 102. Feel freeip the numbers
asyou see fit.

Cordelia Okay (wrote the following)
12345678910

1é

é

OCoO~NOOOUOITPR~WNPE
RPRRRPRRPRPRRERBR
N (DN DN D DN D DN

1¢é
101 102

Interviewer How come you decided to write the numbers that way?

Cordela: They all line up in arow. 11, 21, 31, etc. all end in 1. It looks better.
At the outset, it appeared that Cordeliads
unrelated to place value. However, usingftiw-up questiorof writing the numier 1 through
102, Cordelia revealed that she dide place value to grogome if not all numbers.

Thenext question on the interviemwolved the use of Base Ten Blod&eeFigure 13.

These blocks are manipulatives that are commonly used to model rsusmidenumber

relationships. Students typically use them at the elementary and middle school levels.
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O @

10 1

Figure 13: Configuration of Base Ten Blocks

Long Unit Cube

In order to gain insight into her ability to compose and decompose nurGoeddja

was given 3 Flats, 5 L@s, and 2 Unit Gbes and asked to represent the number 254.
Purposefully, the interviewer arranged for an insufficient numbendfCubes to explore

Cordeliabs notions of composition and

decompo

Interviewer Using the Base Ten Blocks provided (3 Flats, 5 Longéni2 Cubes),

how wouldyou represent the number 2547
Cordelia | coul dnét do thatéunl ess |
Interviewer You can use the Base Ten Blocks in any way you wish.

broke on

Cordelia (Playing around with the Base Ten Blocks) | could do it if each 10 block
could be2 O . I coul d Idoold redefinenthetlockst wo 6 s .

Figure1l4. Cor del i ads || | usfTen8lockson of 254 wus

83



In this case, Cordelia observed that she would need to break one of theé pianesy,
theFlat (100 block i to be able to represent 254 using Base Ten Blocks. Instead, she arrived at
an alternate solution of reassigning each block to represent two units fashion, the two
Longs(2 x 20 = 40)and the seven Unit Cub€sx 2 = 14)would represend4. It must be noted
that the blocks that were not couertUnt@Gubdsave be
in the figure on the previous page
Cordela 6s creativity in reassigning each Unit
however; she had a misconception in that she still claimed to need two Flats. Recall, that she
assigned each Unit Cube to have a value of two, and therefore the two Flatsepoesent X
200 or400. As a result, using the base ten blocks, Cordelia illustrated the number 454 instead of
254. In fact, she did demonstrate an ability to think about the problem posed to her using an
alternative strategy. Curiously, even thoughslent e mpl at ed Abreakingdo or
the blocks; shedidnatar ry out this plan and decided on t
The last question during the preerviewi nv ol ved a whichulldstratedthe wor k
manner in which thetudent had performed a multidigit multiplication problem.

fiSome fifthgrade teachers noticed that several of their students were making the same
mistake in multiplying large numbers. In trying to calculate

1 2 3
X 6 4 5

The students seemed torhaltiplying incorrectly. They were doing this:

OIN OO B
rlw O R|IADN
g1|jco N oo W
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What i s tnmissonceptiontHewwowddd/ou approach this misconception with
students? (Ma, 1999)

In the conversation that ensued, notethgwat hat Cordel i a made sense C
Specifically, observe her notion of place value as she mentioned theéwopll ace 60 t o de s«
the student s mat hemati cal move as wel |l as he
multiplication goblem with her potential studensiter Cordeliaread through this problem, the
interview continued:

Interviewer What do you think the student did in this problem?

Cordelia They came up with the right number b
hold theplaces It should be

1 2 3
x 6 4 5
6 1 5
4 9 2 0
7 3800
7 9 3 35
Cordelia As a teacher, | aulddo
6 4 5
x 1 2 3

Interviewer Why would you write them that way?

Cordelia Becausestudents know their multiplication for 2, and 3. They could do
3 timesb, or 2 times 4, or 1 times 6. Because it is just smaller numbers, it
seemed lesstimidating.

The previous episode illustrated that Cordelia did possess some knowledgj@pication in

using a zero to holthe place value in theaditional multiplication algorithmShe even
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suggested a method for becoming more efficient with whole number operations, while pointing
out the idea of place value as the misconception the student in the example cited.
During the Instructional Sequence

As described in chapter 3, this analysis w
development as she moved through the instructional sequence. Following-ithtemiew, the
focus of the anal ysi s wdualdctivieyduringthe sorseefthef Cor d
instructional sequence specifically through analyzing homework assignments and items on a test.
From this point on, problems listed and language used should be strictly i@ baksss
specifically noted otherwise.

After several class sessions dedicated to counting and skip counting, the prospective
teachers were introduced to the open number line in order to record their thinking and discuss
various strategies used to solve problems.

Place Value and Counting Skaies

After two weeks, the first homework examinedgphe o s p e c t i abiétiesttoe ac her s 0
individually solve problems related to counting and reasoning with addition and subtraction.
Given the problem, #fAFor Va lshapacthoataates Aferay , Vi ct
purchasing some more, he had a total of 243 ‘sbaped chocolates. How many more
chocol ates did Victor buy?06 Note the manner i
counting up from 57 (fiveeeseven) to 243two-hundreefour-eethree) and then counting down

from 243 to 57.
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Figure 15: Cordelia’'s lllustrated Counting Strategy with Addition and Subtraction

As it can be observed, af tworr |l adml,y Cowa ewd eak
demonstrated the stemyy of starting with 57 and counting up to tethe desired result of 243.
She used the numbers 1@Mhe hundreg)s0 (five-eezero)and 10(oneeezero)i using
convenient numbers through understanding place Valoget to 237After which using
counting strategies, she coedtup 4 more to arrive at 243he recognized that from 57 to get to
243, she had to think of 100 + 50 + 10 + 4 =164 to find the solution to this particular problem.

When asked to use two different strategies, she usedwebédbeled asnethod B in
Figure 15 This time, instead of counting up to 243, she conveniently counted 8iaiven 40,
then 100, then 20 and finally 1 to get to 57. It must be noted that she clearly illustrated an

understanding of place value using thegecific numbers 3, 40, 100, 20 to subtractvhat

would be convenieritn or der to solve this problem. The f

this particular problem is related to her incorrect use of the equal sign. She connected all her
moves withequal signs implying that 57 + 100 = 157 + 50 = 227 + 10 = 237 + 4 = 243. That
would mean that iher solution A, 57 + 100 =243y that in solution B, 248 3 = 57.Even

though the aforementioned misconception of the use of the equaéprgsened siquificant
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one, it did not interfere with her illustration of understanding how to count and perform addition
and subtraction in bas® The misconception was addressedlatet on in the instructional
sequence, Cordelia corrected this misconcep@weral, she illustrated a good understanding of
place value anahitial countingstrategies.

Addition and Subtraction

On another problem in the same time frame, the question was asked:

fA student was given the following problem to solve in class: How mang mor
stickers doyou have to add to 47 stickers to get a total of 135?

To make the above problem a little easier for them to solve using the number line,
they jumped 3 to go from 135 to 140. Then they jumped 100 to get from 140 to 40.
Finally, they jumed 7 to go from 40 to 47. Since the student did that, they came up
with the following solution:

3+ 100 + 7 = 112 spaces Answer: 112 stickers

Is the student correct? If so, explain why? If not, explain what the student did
incorrectly®d

Cordeliad s  ®orotd thid problem is providddcluding her illustration of the use of a
number | ine as well a s h e solutirbin theicdntgxt daf additiom o k
and subtractiorNote the manner in which Cordelia used the open nurireeahd the way she

chose to skip counted as demonstrated in Figure 16.
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Figure 16: Cordelia's Solution Illustrating the Open Number Line

Cordelia illustrated a very good understanding of the open number line as well as

providingsome nsight into her way of thinking. She demonstrated correctly being able to skip

forward and backward and reflected her thinking using the open number line. She placed the

distance traveled between each number on top of the arrow and reflecteddtierdof the

move with aminussign if moving backwards and a plagn if moving forwardIt must be

noted that she checked the open number line approach through algorithmic approaches in order

to verify her answer.

Over the next three weeks, the instronal task involved using the context of the candy

shop to further highlight the signifinae of place value and exploredented strategies for

addition and subtraction. Place value notions as well as the composition and decomposition of

numbers accaling to place value were explored through the useveintoryforms. These
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forms allowed for the separation of units into boxes, rolls and pieces. A piece referred to an
individual piece of candy (one unit). A roll comprised of precisely ameze (10) peces and a
box contained oniundreezero (100) candies. Furthermore, various addition and subtraction
strategiesvere examined as they came up during class discussions.

The second homework assignment was submittedveeks after theataintroduced in
the example illustrated in Figure 18n this assignment, the researat@ntinuedio explore the
devel opment of Cordeliabs understanding of
progressed through this instructional sequence entirely taught H8b&sedelia displayed a
very good undestanding of inventory forms as she grouped regroupedbjectswith ease.
Specifically, she decomposed and compasedrious problems in the context of the candy
shop without any difficulty. She illustrated herderstanding of moving values across place

value and explained and justified her thinking in verbal and written forms.

w h

A problem on the second homework askedptespective teachets considefia st udent

did thiséd scenar i o. heNmocegureoh the righa handtsidezot Figsrén e
17 to verify the solution. Also closely follow her explanation and justification provided

afterwards.
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2. A student did the following to solve the given story problem:

There were 312 candies in a Candy Shop. 165 candies melted. How many candies were
left?

1 12
348 Als
- X g5 1356

1 25 Tho STudent \s Cerrect,

Is the student correct? Explain and justify the student’s way of solving this problem.
Figure 17: Cordelia's Approach in Examining Another Student's Slution

Cordela 6 s approach i n under dgradional subtrgctiomn ot her s
algorithm provided further opportunities to gauge her development and understanding of whole
number operations at this stage. She stated:

AiThe student saw that if she adds 1 tolthe ones place in 312 she has to add

one roll to the tens place in 165 because what you do to one number you have to

do to the otherfThen she added 1 box to the tens place in 312 and added a box to

the 100 place in 16%ecause what she does temumber she has to do to the

other.This gave her 3, 11, 12 minus 2, 7, 5 which gave her 125 which is correct.

She was able to do this becausé =5, 11i 7=2and 3 2 =10

While she realized what the student did and explained the prebessasotable to
provide thgustificationfor why this step would be mathematically correkts f or addi ng

to the ones place in 3120, Cordelia did not d

student added oreezero ones to the onesapk in 312. In order to compensate equiaylyising

St

pl ace value under st andi theystudeottheaddedanequal by equ
Aamount 0 to 165 b yezardsdnakingthel6 ingpra @. Ut i3 preciselyoha e

simultaneous realaion that oneeezero ones and one group of emezeros are equivalent.
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|l nstead, Cordelia simply stated, fAwhat you do
Cordeliabds | imited conceptual understanding i
st u d eaddied 1 bdix to the tens place in 312 and added a lb& i®0 place in 16Because

what she does to one number she has to do to thetcothér.n t hi s case, similar
simultaneous realization that is needed for conceptual understatidirggudent added ome

zero rolls to the fAtenso place in 312185Nd add
to changehe 1 into a 2The student and in this case the prospective teacher Cordelfeould
demonstrate conceptual understagdofwhyit is mathematically valid to proceed in the fashion
illustrated abovel astly, in the mind of this researcher, it seertted she became convinced of

whether the student was correct or not based on the traditional column subtraction algatithm th

she has illustrated on the right hand side of the last figure provided. Even though the knowledge

of traditional algorithms provided a mechanism for Cordelia to answer this question, the issue of
giving credibility and workwas araspecbof thisinsttuctionaln ot h e
sequence which would be further examined as a part of the whole class discussions.

Multiplication and Division

The last three days of instruction primarily focused on multiplication and division of
whole numbersOne of the main distinctions that needed to be made in whole number
multiplication involved the meaning of each of the numbers being multiplied. It was expected
thatprospective teachedemonstrate annderstanding of which number in multiplication stood
for thegroups of objectand which one represented tin@nmber of objects each groupThe
commonly used convention in United States schools signifies that in multiplying two numbers,

the first represents thmumber ofgroupsof objectsand the secondastds for thenumber of
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objectsin each group. Since teacher education programs ultimately prepareginsspeachers

to teach inJnited States, this course also adhered to the same convention. In Figure 18, note
C o r d edepictaoid of this conventioasthe prospective teachers were asked to write their own
story problems. In particular, obse®number ofgroupsof objectsandnumber of objects

each grougshe drew to model this multiplication problem.

Write a story problem, for the problem 7 X 16.

Figure 18: Cordelia's Initial Understanding of Multiplication (Groups of O bjects)
Through this example, the reseagosedissues not i c

regarding heuse of the convention farx 16. The 7 ought to have represented the number of
groups (srvings in this case) and the 16 should have represented the number of objects in each
group (the number of crackers for each servikigwever,in solving the problem, Cordelia
wrote herstory problem to represeh6 x 7 and yet drew 7 groups of objectschk of which had
16 objects in each group. This example illustrated a lack of understandimg admmonly used
convention of multiplication and illustrated the manner in whigbordeliainterchanged the

meanimgs of the factors. Furthermore, her illagton did not model her story problem which
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raised additional concerns. Stiel demonstrate an effective means of finding the total number of
crackers by rewriting 7 rolls and 52 pieces into the 1 box, 4 rolls, and 2 pieces totaling 142
crackers.

After some classroom discussion and the opportunity to engage in disquas@ective

teachersvere asked to solve the followilgmeworkp r obl em i ndi vi dual | y:

to fill 5 bags so that each will contain 16 candies. How many candies shoulsl gh@ wdeli€ o r
depicted the multiplication problem of&16 pictorially as she drew the 5 bags and placed 16
candies in each bag. Furthermore, she calculated that there would be 5 rollpauES6f

candy total. Analysis of this artifact indicated tehe wrote86 total pieces for her final answer

to this multiplication problem. Despite correctly calculating the 5 rolls and 36 pieces of candy,
Cordelia reverted back to ba$6é since 50 + 36 would be 86 in beld® As the entire

instructional sequencedak place in bas8, the 5 rolls and 36 pieces should have yielded a total
of onehundreesix candies as the solution to 5 x 16.

Division represented the final part of the instructional sequence and due to time
constraints only parts of two class periegsre devoted to division and division examples.
During whole class discussion, one student illustrated and explained the partial quotients
algorithm and justified her solutiom the partial quotient algorithm, a student typically uses a
successive appraration method by using convenient multiples of the divisor to get closer, and
closer to the desired numbgvhile the majority of the class followed this explanation, the
approach to division and student responses were dégcidiE@rent in part due to kck of time
on this topicIn contrast to the class time spent on other operation strategies, due to time

constraints, prospective teachers only had 1 ¥ class sessions on the topic of division.
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Cordeliawas asked to solve the following division problemthe test

Mary has 652 stickers that she wants to share with some friends in herfcmEsgives

each of her friends 17 stickers, how many friends can she share with? How many stickers
will be left, if any?

lllustrated by her solution provided Figure 19, observe the manner in which Cordelia solved

this division problem through repeated addition.
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Figure 19: Cordelia's Solution to the Division Problem 652 + 17

Examining Cordeli ads s o lhealédthatshedidnotfdeli s di vi

comfortable with the one method that was explained and justified during dlaspartial

guotients method. Her strategy involved a repeated addition of 17 in order to use the resulting
sum of 151 to get close to the desitethl of 652.The inability to divide in the traditional sense
was coupled in this case with an inaccurdtistration of multiplication.Overall, it seemed that

Cor del i anepartieutaf withr divisiori were primarily procedural and lacked the
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conceptual understanding that connected whole number operations as a connected endeavor.
According to Steffe et al. (1988), conceptual understanding allows for the synthesis of previously
learned material to construct new meanings. While Cordelia demeuistratreater
understanding dfier ownways of thinking, the times when other prospective teachers explained
and justified their thinkingn a manner distinct from her approaskemed to have little impact
on her.The researcher was also reminded of a presscase when Cordelia could not make
sense of anotme s t u d einseedFgyurer@During the course of the instructional sequence,
all prospective teachergere expected to understand, question and make sense of another
student 6s stcatefji Esr ddhi aod a sigseuwctoialsgqueaceis t hr o
revisited in the latter stages of analysis.
Following the Instructional Sequence

Upon the completionf the instructional sequendég individual posinterview with
Cordelia provided fuher insight for this researctWhen Cordelia was aske&¢hat changes had
occurred througher experienceswithhe i nstructi onal sequence, st
easier to understand exactlhat | am doing because ahventory forns, and knowing place
value. o I n reference to methods and strategie
on whole number concepts and operations, she
people are just labeling them. They are naming things that lshhve e ady s een. O

Cordelia seemed particularly adamant regarding her perceived role in the classroom
versus the role of oth@rospective teachersspecifically when addressing the notioin

authority in the classroom. She mentioned:
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Cordelia Ifyoucad t t why[ltalicenadded] you are doing something or that
you can[italics added] do something, it discredits what you are telling
me . 0
Whenasked about her role as a member of the classroom social dynamic, she responded:
Cordelia | had toknow when to explain what | did to other people or when it is not
time toexplainityett . | know what | did and know
groups, | wouldshowwhat they did wrong. To the (whole) class, | would
show what | did and just exptethat.
A follow-up question during the pestnt er vi ew i nv o kessienefwBadr del i ads
constitutes as an acceptable solution and who she considered the position of authority in the
classroom.
Cordelia As long as they (the other students) knokatthey are doing, then it
doesndét matter who says it. 1t is 1
t hen vy take ittd avetérinariai you take it to a mechanitt!
doesndt ntake yoer car to d Hoyda dealer or a Chevyatea
because they all know how to fix cars. So if they know what they are
doing, it really doesndét make a di ff
After answering some questions regarding her own role as well as the role of the other
prospective teacherthe interviewer asked her regarding whole number operations and her
impressions of how well she had learned them. With respect to addition and subtraction, Cordelia
felt quite confident and responded: fddifgey ar e
because of place value. 0 However ,h wehedecidedlynpr es s
di fferent. Referring to multiplication, she e
couldndot k&cwdd, wihtat mdamtst tahirarther #nalgsisafhed6t unde

participation in classroom discussidnpresented in the next sectibmelped to clarify her

interpretation of her lack of understanding.
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Throughout the instructional sequende tesearcher had also noticed thatithei ct ur es o
that Cordelia would draw in solving operations problems did not always seem to correspond to
the actual problem being solved. During the potrview she was asked:
Interviewer Do the pictures that you draw help you to solve the probleraa?/Qu
elaborateon how they represent your thought process?
Cordelia No, because it is backwards! | am drawing pictuexsabise | need to not
because need it to understand. They just make it more confusing because
| alreadyunderstand thenath.
Cordelia was presented with tfalowing multiplication problemif basel0) as a part of the
postinterview.She was asked: AA student has 23 books

pages. How many tot al p Ageder illustrateon with therciecles n a | |

and dots in relation to the place value aspects of multiplication.

5
¥t
—G3 <3 f)
130
/—“%—’,\ ik \, A"\
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Figure 20: Cordelia's Solution to 23 x 14 (in Bisel10)
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It must be noted here that Cordelia went about solving this problére fiollowing
order: First, she wrote 2814. Secondly, she drew the 6 circles in one row. Next, she performed
the multiplication algorithm seen on the left hand side. Finally, when asked how she did the
algorithm, shevrote the 4x 3 and the % 4 portion (including the circles with dots in them).
Here, her solution to 28 14 modeled what she had mentioned earlier regarding the use of
pictures to fAhelpd her perform whole number o
that she displayed goodqmedural understanding bbwto solve this multdigit multiplication
problem.

Interviewer Could you describe what you did?

Cordelia |l did 4 times 3 (drawing the 4 circl

| multiplied theones. Then, you multiply 2 times 4 get 8.

Interviewer What did you do next?

Cordelia | just added 12 and 8 to get the 92.

Interviewer How is that?

Cordelia That 6s what you do. | candot explain
Here, Cordelia began by explaining her procedure in the same fashion that skeenehesd
during class. However, she reached a point where she could not explain and justify her solution.
As consistent with her previous work, she displayed a good procedural understanding of the
mathematics involved, however she encountered moreutiffim describing théafowandwhy
which required more conceptual understanding.

Cordelia was also asked regarding the ways that whole number operations compared in
base8 versus bas&0.

Interviewer How well do you think you understood addition antitsaction in bas&?

Cordelia Fine. They work out just like they do in bake.

Interviewer What about multiplication and division?

Cordelia Inbase8, you cané6t multiply and divide
divisionwhen we did it class but | know | can do it.
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The researcher gained valuable insight into C
and operations through the examination of her individual Wgranalyzingher written artifacts

as well as interview questions includedhe preinterview, postinterview and the focus group

that ensued after the completion of the instructional sequencsder to fully understand the

ways that Cordelidevelopedconceptual understanditigrough the instructional sequence

situated entely in baseB, this researcher needed to analyze her participation in the classroom
community to see how she contributed to the social aspects of the classro@fiexingly the

manner in which the group discussions may have influencedeetopment

C o r d eParti@pation in Taken-as-Shared Practices

This study placed each individyadospective teachén the social setting of a classroom.
As such, both the social aspects of learning as well as the concurrent individual component must
be consideed and discussddgether As stated earlielyackeland colleagues (Yackel & Cobb,
1996) maintain that individual studeulttreds mat h
are related in a reflexive fashion. The interpretive framework used fattiig was previously
discussed (See Table 6) and concisely related the social and individual comteghizn
(2003) el aborated on the interrelation of the
existence of one depends on the existenfe t he ot her o (p. 28) .
Roy (2008) extended previous research efforts by focusing on the classroom
mathematical practices developed by prospective teachers in learning whole number concepts
and operations through an instructional sequence sitaatedl in base8 (Andreasen, 2006;

Bowers, Cobb & McClain1999).Royidentified the particular classroom mathematical practices

100



that occurred during this research efiarthe same environment with the sapnespective
teachers. Usind n d r e q20@5)nnitid instructional sequence and revised for the sake of this
research effortRoy concluded
i e instructional tasks supported the following takeshared classroom mathematical
practices in which prospective teachg@itastrated)
(a) Developingsmdl number relationships using Double-E@ames,
(b) Developingtwo-digit thinking strategies using the open number line,
(c) Rexibly representing equivalent quantities using pictures or Inventory Forms,
(d) Developing addition and subtractiomagegies using pictures or an Inventory
Foorm¢6 ( Roy, 2008, p. 136)
Thiscurrentr e search effort now focused on analyzing
classroom mathematical practices outlined above. In particular, this analysis irttertedify
her development afonceptual understanding of whole number concepts and operations as it
occurred through interacting with classmates and engaging in classroom discussions.
As a part of this case stydnalysis, the research@d@monstratéthe manner in which a
particular participant providedaims, data, warrarg andbackings to facilitate and at timesde
whol e classroom discussion. Furthermore, the
allowed for collaboration between the sociadldhe individual aspects to describe the
individuals in the case study and their participation in classroom discussions.
In the following sections, the researcher explored the specific ways that Cordelia took
part in the classroom discussion. Her pgption in the classroom argumentatiaas defined in
the previous chaptérinvolved providingclaims, data, warrantsandbackingsto discuss the
topics in the instructional sequence. Cordel i
within eachof the four established classroom mathematical practices. The first sectieadocu

on the development eilumber relationships using Double-Efames.
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DevelopingNumber Relationships usingDouble 10Frames
As a part of the instructional sequence on Daé instructor introduced Double-10
frames in order for prospective teachers to make sense of counting-8. basae particular

example, the instructarsed the overhead projector to flakk following Double @-Framefor

one second
® O ® O
® O ® O
® O ®
® O
Figure 21: Double 10Frame lllustrating 10 and 5
The transcript below indicated the ciapatorer sat i

within the classroomynamic.The type of supportClaim, Data, Warrant, Backinghas been
indicated in(italics).

Instructor Okay here we go, ready? (Teacher flashes 10 arf@dfi@r pausing to
wat ch student s OThisigvehatl amdooking at. §Tkaehers ay s )
gestures at counting in the air)
Instructor  Alright Cordelia, How didyou get it?
Cordelia Well you have a whole one full so that is onee-zero and then you
have a half so that is plus four, onee-four, and plus one, om-eefive.
(Data/Claim
Instructor How many of you did it just like that?
Student: Full, 4, 1
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Instructor Full, 4, 1 is another way to describe it. How many of you counted by
ones?Took a while, eventually those counting by ones strategies are not
efficientenough to keep up and then you start working on developing
other stratgies.

In the episode described above, Cordelia providddieno f fesfnieve 06 i n respo

the teacher sd que s datatorexplaistheemaranér ;1 avhich she arrivet atd

herclaim. By participating in the social aspect of the adlasm, othelprospective teacheedso

share inhe counting strategy of usingoeeezerd@ s and 406s -framdsh Doubl e

t he

10

Simultaneously, Cordeliabds method was incorpo

the opportunity to see how othamogective teachenesponded to her methdd. future

episoas, when a student counted by @ezerdds and/ or 46s, she did
explanation since the idea of using small number relationships in Doulleni€s had become
takerrassharedThrough this episode, Cordelia displayed her support for argumentation and a
contribution to the takeasshared notion of developing small number relationships using

Double 18Frames.

Two-Digit Thinking Strategies Using the Open Number Line
On Day 2 prospective teachemsere presented with the following problem:

AThere were 62 children in the band. 36
How many girls were in the band?0o

The following represented the exchange between Cordelia and the teacher opthadvin
problem.
Cordelia: Can you write the numbers on the board?
Instructor Sure. Sixegwo children, threeeesix boys. How many girls? How can |
start without setting these up in columié®w can | start? Cordelia.

Cordelia: | came up withwo-eeé (Claim)
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Instructor | am not asking for the answer. How can | &tart
Cordelia: Well, like take sixeetwo and threeeesix and make onreezeros; six
oneeezeros minus three oreezeros is thre@ezero and then you still
have the twand the six(Data)
I n Figure 22 below, the researcher represente
the instructor on the board. Note the manner in which Cordelia decomposed the number

threeeesix.

(¥

Figure 22: Cordelia's Method of Solving 62 36

Instructor O, | think | see what you are talking about. Okay, you started with your
six-eetwo. Which side do | put sieetwo? Which side, here or here?

(Laughing

Instructor We 61 | go ovVver utoekaveay thrdemneaesos,ialdat y o
once? Oone-eezero minus one€ezero minus oneezero?

Cordelia: All at once.(Data)

Instructor So you took away threeez er o. And t hewhatdidyoen you
have left after you did that?

Cordela: Threeeetwo. (Data)

Instructor Threeeetwo. And then what did you do?

Cordelia: And then minused siXData)

Instructor ~ Why?

Cordelia: Because the original number had gWarran

Instructor Okay, you started with sixa®o then you ook away threeezero.
Cordelia: But I still had to take away sixData)

Instructor How did you do that? Did you do it all at once?

Cordelia: | counted by onegData)

Instructor Okay. So you said minus one is
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Cordelia:
Instructor
Cordelia:

Instructor
Cordelia:
Instructor
Cordelia:
Instructor
Cordelia:
Instructor
Cordelia:
Instructor
Cordelia:
Instructor

Threeeeone (Data)

Minus one is

Threeeezero, minus one is tweeseven, minus one is tweesix, minus
one is tweeef i v(Pata)

How many have we done?

Five. (Data)

Okay, so.

minus one is twaeefour. (Data)

So where do we find the answer in all this?

At the left end(Data)

Because we start with sigetwo and we took away

Threeeesix. (Data)

Threeeesix to give us tweeefou r ,
Two-eefour girls. (Claim)

Two-eef our girl s. That 0 ¢ostressp oo muahnnt ,
herebut 1 tbés i mportant | give you a
answer should beithin that context. You should stress that when you are
teac h i n gnpt gding tm stress that much in here.

Questions for Cordelia? Who solved it just like her? Raise your hands.
Okay, interesting not just one taédevorth, but a sprinktig around the
room.Who haggot questions for Cordelia? Wisolved it differently tha
Cordeli&

but what 6s t he

-1 -1 -1 -1 -1 -1 =30
N AN NN \/‘\
"'rlf I' "v | "v | "n,r | ".,r | ".,r |
1 32 62

24 2

LA

26 27 30 3 2 2

Figure 23: Cordelia's Participation in Using the Open Number Line

This episode ilistrated by the transcript anty&re 23 aboverepresented one of the first

number threeeesix according to place value into threezero (Three onee-zer®d s )

occurrences of warrant as a part of the classroom argumentation. Cordelia was able to explain
not only what she did and how she did that, but also provided the justification ladtyisde

chose to subtract siXhis ekample further illustrated that Cordelia nzayed to decompose the

as
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six(sixonds). As suggested in the Iliteratwre revi

compose and decommoaumbers and in addition uses one andeareero asterable unis.
Lastly, the instructor pointed out the significance of situating the numerical answer within the
context of the problem as stated. Cordelia alals to provide th result of wo-eefour, but
added to it by suggesting that it stood for {®@efour girls.
Her participation in the classroom discussion through this example signgifessipport
for argumentation anlder contributiortowards establishing-Rigit thinking strategies using the

open number line becomitgkeras-shared

Flexibly Representing Equivalent Quantities
In order to accomplish the learning goal of flexibly representing numbers, the
instructional sequence utilized specific tasks in order to geofar exploration of the
mathematics involved. During Day 3, the instructor presemtespective teachewgith Mrs.
Wright s Candy Sihacgordandeno pteviousseseareit and Reaistic

Mathematics Educatiohcandy was packaged intoxss, rolls, and piecess seen in Figure 24

Box Roll Piece

Figure 24: Boxes, Rolls, and Pieces in the Candy Shop
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Through this systematic Apackagingo of n
following conclusions. Individual pieces of @hnare packaged into rolls, and rolls of candy can
be packaged into boxes of candy. Specifically, 10 pieces would comprise 1 roll, 10 rolls would
equal 1 box of candy. Prospective teachers involved in this research project would solve
activities in ordera gain further experience with unitizing. As discussed earlier in the literature
review, Cobb andlVheatley (1988) emphasized the significancprospective teacheis
simultaneous realization that 10 represented one unit as well as 10 individual units.

As the amount of candy increased, the need arose to have an efficient way of representing
the number of candies without drawing the boxes, rolls, and pieces every time. The instructor
presented a method of recording the number of candies in boxes, rglieessi called an

Inventory Form, illustrated in theigure 25 below.

Boxes | Rolls | Pieces

Figure 25: Inventory Form of Recording Boxes, Rolls, and Pieces
Through the use of tHgoxes, rolls, and pieces as well as Inventory Forms, the instructor
provided the setting foprospective teachets experience unitizing in basesince the notion of
unitizing remains the core notion in the ability to flexibly represent numberswbhe
aforementioned pedagogical content taold their use were illustratéathe following episode
involving Cordelia.
Instructor Mrs. Wright might come into the candy shop and find different situations,

or different amounts of candy on different tables. What the people
working in her f actnicecaefdwayd$olam i s
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curious I f she came i nto tnoteedcandy
what is represented in number one on page four?

Figure 26reflected the problem being discussed in this episode.

55

Figure 26: Candy Shop Example (2 Boxes, 4 Rolls, 6 Pieces)

Instructor:

Class:
Instructor
Class:
Instructor
Class:
Instructor

Cordelia

Cordelia

Cordelia

What is represented?

Two

Two boxes

Four rolls

Four rolls

Six pieces.

And si x pieces. Okay, igghodtokaveat ué . .
the candy packaged as much as possible, sometimes it is good to have it
completely unpackaged, and sometimes it is good to have places in
between. So your problems may represent that. Who is ready to share
drawings of ha they packaged their canidyf how they found the

candy? Cordelia, okay come on up.

Let 6s see, s okndwhawenany theredwere befored ul d
started drawing any pictures. So | counted everything, and | camvighup
two-hundreefour-ees i x , becaué &laim candt | i ke
Well, | figured that before | try and repackagemtiging that | should

know howmany | have all together. So | counted the boxes.eeirero,
two-eezero, twohundreeand then fowee | came up with twéhundee
four-eesix. This is my rollfrom a box.Okay, that is twehundreefour-

eesi x bedatd) seé (

This is twehundreefour-eesix because | have got chendree here, one
hundreezero in each of these rowaad foureezero and six single pieces.
And then Idrew it like this. So then | got offeundreezero, and then
oneee-zero rolls ofoneee-zero,and foureesix individual pieces.§ata)
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Figure27 | |l ustrated Cor del i abees, rols ano piecesniNgte of 2 4

the way that Cordelia arranged the rolls into groups ofeseeros.

/> QOO0 0O

il ]Cyp OO0
925 83333

S ) )Q)O
OO 00000
L) 00000
OO 0000
OO0

Figure 27: Cordelia's Recording of 246 using Boxes, Rolls, and Pieces
This episode was followed by a classroom discussion imgpenother student making sense of
Cordeliabds solution. After this explanation,

Instructor Is that what you did Cordelia?

Cordelia Hmmm (Thinking)

Instructor You may have done it in another order

Cordelia | di dn 6 penihgrallgy Iustdobk thawtal number figured out
what Iwould need to get that numbéClaim/Datg

Instructor So you went from the picture that was given to showwodreefour-
eesix.

Cordelia Right!

Instructor  And then you made ihto candies.

Cordelia And then | figured how would | pack itData)

Instructor  So,you packed it instead of unpacking it?

Cordelia Right! (Claim)

Instructor Do you see the difference between that? Can someone explain the
difference?

During this particular episode, Cordelia participated inttékenas-sharedpractice of
representing equivalent quantities by using a total number approach. While the majority of
prospective teachelsunpackedo t he boxes andedthetotls provi d
number of candies and then represented that total number using boxes, rolls and pieces by

Apackagingo the candies in a different way th
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The researcher al so was gtendeacynotd nseptctaresr gl i m
to assist her isolvingthe problem. As was the case in the eatagenas-sharedpractice,
Cordelia seemed to once again draw the picture of boxes, rolls, andgiteceke had already
decided on her solution. This approécihile significantly different from her classroom
counterpart$ r e mai ned consistent with Cordeliabs pre
Earlier during the individual analysis, this researcher indicatédCivaelia had mentioned that
she only drew pictuee ibecause she knew she had toodo and ¢
solving mathematical problems.

DuringDay4Cor del i ads tpkamasshacedclassroamonathematical
pracices also came to the forefroktsing Inventory Formg@rigure 28), the instructor asked the
prospective teachets identify 2 equivalent representations of the 457 candies in order to

exploreprospective teachegis devel opment of place value | eadi

Boxes | Rolls | Pieces
4 5 7

Figure 28: Inventory Form Representing 457
After one student presented her solutibi, instructor cultivated thesiomathematical norm of
a different solutioras presented in the following discussion:

Instructor Who got it in another way? Cordelia.

Cordelia Idid,Ilwr ote the boxes, and then 1| é
Instructor So how many were there?

Cordelia Four, and then | took apart one roll, so that would be four

Instructor Four?

Cordelia Rolls, and then | got more pieces, and | got-es&seven pieces.

One of the ways thain idea was consider¢égkenassharedoccurred whemrospective
teacherso longer questioned the reasoning behind an explanation. In this episode, when
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Cordelia suggested getti ngesfermoerned ii eecceessg a rhde

communty did not require nor need justification for the manner in which she proceeded. In the

past,prospective teachergould have asked for and providedvarrant for such explanations.

Citing the way arguments evol vederdifredivariolse fic han

classroom mathemadl practices including the use of Inventory FormBexibly represent
equivalent quantitiedAs a resultC o r d econtrilautioss including theolution to representing
457 through the use of Inventory Fordemongtated heparticipation in establishing this

particular classroom mathematical practice

Developing Addition and Subtraction Strategies

Through the course of the instructiosaljuenceprospective teachepogressively built
on their knowledge to assthemin solving new problems. After having gained experience with
boxes, rolls, and pieces as well as Inventory Fopmuspective teacheiustrated ways in
which reasoning with these pedagogical content tools allowed for them to arrive at adhdition a
subtraction strategies.

On Day 6 of the instructional sequence, phaspective teachecontinued to explore
strategies including the traditional addition and subtraction algorithms as well as column
addition. After examining a few examples of Aoaditional strategies including subtracting left
to right, the instructor posed the following question toptuspective teache8S How woul d

do 500 minus 2437?20
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The following figure(Figure B)r e pr esent ed Cordel i ads asol uti on
follow illustrated her contribution towards the classroom mathematical practice involving

addition and subtraction strategies

5 00
-2 4 3
3 00

4 0

- 3

2 35

Figure 29: Cordelia's Strategy in Solving 500 243

Instructor Who did it differently? éSo who is g
Cordelia.

Cordelia Wel | I did ité, | di drenl&tarteccshtavm g e my
hundreezero.(Data)

Instructor Two-hundree

Cordelia Two-hundres from fivehundree is threundree, and then four from-no
eezer o, | dondt know how to =®eay thisé
zero so minus forty and then three from nothiregm shot three, so
minus three(Data)

Class: Five (Student Chllengg

Cordelia ltdéds not five because | did that and
itis notfive becausée t (poi nting toceimEO)ser o i n
not oneee-zero.l t 6 snej sa lsam like short thre&Varrani

Corddia: |l mean, itbés just zer loreebdcdusernfgoui s not

draw outa number line (draws a number line with 3 oa lgft and 0 on
the righti motioning the distance between them). If thisiszerod you 6r e

here (pointingo3) , youb6re shortWamand y t hree r
Cordelia Yeah,so now | am short three. So thiieendree minus fouee zerois

two- hundreefour-eezerg and then (pointing to 24@inus three s é

(Data)
Class: Two hundree threeefive.
Cordelia Two-hundre-threeeefive. (Claim)
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Through the episode described above, Cordelia played a very active role in establishing
the classroom mathematical practice of developing addition and subtracting strategies. She relied
on her understandind place value as well as reasoning strategies with Inventory Forms in order
to demonstrate, explain and justify the argumentation menti@uwedelia provided repeated
dataand perhaps more importantly in this case whgants necessary to justify why he
solution was mathematically valid. Through actively participating in the classroom dynamic,
Cordelia helped to lead and assisted in the establishment of addition and subtraction strategies as

atakenas-sharedmathematical practice.

Summary
Through thecourse of the instructional sequence, Cordelia provided numerous instances
when she demonstrated a more developed understanding of whole numbetscamdep
operations. In Table 7, tlhronological summarig intended to illustraté andwhenCordelia
showed a conceptual understanding of the topics at hand beyond mefetynpsy procedures
to arrive at an answer.

Table7: Co r denmonstrabedDccurrencesof Conceptual Understanding

Pre- Student Small Group & Post FocusGroup
. ) Whole Class . .
Interview Artifacts . : Inter view Interview
Discussions

Place Value * * * *
Counting $rategies * * N/A
Addition & * * * * *
Subtraction
Multiplication &
Division
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In the case of Cordelia, through the b&8sastructional unit, she ditayed a qualitatively
significant change in her understanding of place value concepts as well as counting strategies
utilized by her in solving and explaining problems. This development represented a noted
departure from her initial understanding demaatstt in the Prénterview and at the outset of
the instructional sequence.

As for addition and subtraction, Cordelia showed early on that she came in with a good
understanding of these notions and her ability to explain and justify these procedures only
became enhanced through the instructional sequ@ftuée she began to consider and use some
strategies demonstrated by othbesspective teacheesd established through the classroom
discourse, Cordelia remained rather insistent on using her own meSiheddiustrated a very
good understanding of how to use the open number line as well as boxes, rolls, and pieces to
describe and validate her thinking strategies and assisted in moving the classroom dialogue
towards greater understanding of the mathematiolved with these topics.

While Cordelia was able to demonstrate procedurally the way that she would solve
various multiplication problems anrtn some occasiondivision problems, she was not able to
provide the reasoning and justification neettedlustrate conceptual understanding of these
topics.However, as shown in much of her individual waClordeliawas not able to make sense
of otherprospective teachdils wor k or processes that required
of multiplication and division.

I n order to summarize Cordeliabds participa
discussions, her role and contributions towards establishing classroom mathematical practices

were discussed. In Table 8 provided on the nextpage, Gordledi par ti ci pati on ha:
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down and categorized according to Toul mindés a
claims, data, warrantandbackingsprovide the different ways that an individual participated in

and contributed to thergumentat o n . Each individual 6s participa
minimal, some, moderatg extensivesupport in classroom argumentation as it led to the

establishment of the classroom mathematical practices tadiagas-shared The four

classroom matheatical practices included (®eveloping numberalationships using Double

10-frames(b) 2-digit thinking strategies using th@ennumber ine (c) flexibly representing

equivalent gantitiesand (d) developing addition and subtractiategiesNote Cod e | i a 0 s

claims, data, warrantandbackingshave been identified per each of the classroom

mathematical practices that were established as a part of this instructional sequence.
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Guidelines for Individual Participation in Argumentation

N/A | Not Applicable

@ No or Minimal Support of Argumentation

@ Some Support of Argumentation

o Moderate Support of Argumentation

. Extensive Support of Argumentation

Table 8: Summary of Coredela's Participation in Establishing Classr@m Mathematical
Practices

Claims | Data | Warrants | Backings

U Developing Number Relationships
using Double 1drames o o @ @

U 2-Digit Thinking Strategies Using the
Open Number Line

Quantities

o & O
U Flexibly Representing Equivalent o o @
o o0 O

© | © | ©

U Developing Addition and Subtraction
Strategies

Looking at the classmn mathematical practicés the order in which they became
established, notice that Cordelia mainly provided the statement (often times the answer) as well
as how she went through thess it took to solve the problem. Therefore as illustrated in Table
8 above, she produced moderate support of argumentation mostly in the fdamgfand
data Since thevarrantsinvolved the justification ofvhycertain statements were

mathematicallyalid, a procedural explanation by itself did not merit proof of conceptual
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understanding in the form ofvearrant Backingstended to synthesize the episode by connecting
the various pieces of information provided and often times linking back othermatbal
notions discussed.

While Cordelia developed and discussed the manner in which she provided her answers,
she could not explicitly contribute towards the reasons why her steps worked or would not work
in other scenarios. The trend observed byrdsgarcher involved a decrease in participation in
the classroom argumentation as each episode shifteccfaammsanddatato warrantsand
backings The only exception seemed to be in the sectas$room mathematical practice
involving 2-digit thinking strategies using the open number line. In this particular case, Cordelia
provided a preponderance of evidence and participated extensively in the classroom discussions
by explaining her thinking quite frequently. In addition, in multiple episodes, shestedg
procedures that she thought would warld shared those with the rest of the class. Often times,
these suggested procedures involved an attenipipiart a method or algorithm from bad® to
base8. In accordance to the classroom social and sodimenaatical norms, solutions were
deemed acceptable if and only if they could be explained and justified thoroughly. Therefore,
many times her suggestions would open up the discussion that would prove fruitful in leading
towards conceptual understandingm@ist always, othgsrospective teacheended up
providing the rationale behind such procedure

towards the establishment of classroom mathematical practices albeit in a limited sense.
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CHAPTER 5: THE CASE OF CLAUDIA

Claudia had previously taken two mathematics courses at the university level: a college
algebra course and a trigonometry course. Both of these courses had been taken B&tween 2
semesters prior to the beginning of this research project. She gexgklyssed that math had
always been her favorite subj@&gpbrimarily due to the fact that her teachers could explain why

something was right or wrong:

Every time | turned in my five paragraph essay and the teacher
deducted on grammar and sentence stmgcthey could never tell me
why it was wong they just told me it waSometimes | wondered if the
really even knew why themselviel, math eachers were always
different.If | asked them why | got a problem wrong they could alw:
prove it to me.
Before changing my major to elementary education | alrnbahged it
to math educatiorl.am \ery excited about this courdehope in the
future | can allow my students to also have a positive experience ir
mathematics and | will never tell them they are ragtable of doing
something.

Claudia, January 2007

Claudiascored ari8 on the CKTM Pretest instrumenivhich placed her in the Upper
Quartil e anConitne ntthéte chaHiegghor y of mat hemati cal c
this research. This scomatched the highest score attained during thddateby any student
during this research experiment.

Individual Development

In order to illustrate the development of this individual through the instructional sequence

on whole number concepts and opierad, this researcher once again has decided to examine
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Claudi ads individual progression at several s
known about this individual prior to the beginning of theruntional sequence. Thedata
primarily stermed from individual interviews conducted and videotaped immediately before the
first day of instruction in bas@ . Ne x t ,indi@dual artdactsl ousside of her
contributions to group and classroom discussiowsgre analyzed. These artifacts iroxal
collected individual papers during class, homework assignments, as well as tests.

The third level of anlgsis occurred based on whHalaudia shared during the peost
interview after the conclusion of the instructional unit as well as her commenpaeaéa
focus group conducted one month after the-pastview. The fourth level of analysis involved
her participation in the social situation of the classroom. Similar to the previous case involving
Cordelia, videotaped recordings of each day ofrieuctional sequence wemranscribed and
analyzedfoCl audi ads contribution to general <classr
in which she patrticipated in thiakerras-sharedpractices.

Prior to Instructional Sequence

During the preinterview conducted prior to the beginning of the instructional unit on
whole number concepts and operations situated in&abe researcher (who also served as the
interviewer) asked Claudia some questions related to place value, whole number operations and
her role in the classroom. These-prerview questions were all in the traditional bafe
system since the participants had not been introduced yet to th8 bgstem as a part of the
instructional sequence. Wheiven the taski Wr i t e t h droughu3dirbasyrosler ar t
patternthat is meaningful to you 0 oteNhe manner in which she started and ended each

sequence of numbers.
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Claudia:

12345678 40

11 12 13 14 15 16 17 18 19D 2
21 22 23 24 25 26 27 28 28D
31

Interviewer: Would you describe to me how you wrote these numbers?
Claudia: | started at 1, and then after 10, | went to the next line.
Interviewer: Why would you do that after 10?
Claudia: | did it to keep them in order, because they atebo ét hey are pr e
much gong up by 10. One plus 10is 11, and so on.
Il n order to pursue Claudiads way of thinking,
then 1003. Note the way that she used the dotted line to indicate the numbshe thidtnot
write down, but would be included in the sequence.
Interviewer: Can you write down 1 through 101.
Claudia: léeééeéelo
11¢é¢é.
21éeéée
31eéeée
e
é
101
Interviewer: How come you decided to write them in this fasty
Claudia: Distance 10 is an easy one to follow.
Interviewer: Okay. Would you write down the numbers through 1003?
Claudia: leeééeéeé
é
21
é
e
1001 1002 1003
Claudia: (Without being promptgd could have written them differently
1eééeéeéloo
101ééeéeé200
201ééeeé300
301éeééeedq00
e
1,001 1,100
Interviewer: What did you choose to do this time?
Claudia: Zeros are |l i ke pl acestathavdrder séPattern
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Already, Claudia has started to illustrate understanding of the notion of place value and
mention languageil p | a c e i thab dredredated to the concept of place value. Furthermore,
she showed that even prior to the instructional sezpiehe had a sense of notions such as
distance, and patterns in numbers in relation to the concept of place value.

The next question on the interview involved the use of Base Ten Blocks. A picture of
Base Ten Block was previously provided figure 12 Claudia indicated that she had used these
manipulatives in the pasthe interviewer wantetb explore her understanding of place value
and whole number concepts through a series of questions involving the use of Base Ten Blocks.
As the interviewer prepardd start the questions, he noticed that Claudia was intentionally
putting some of the blocks togethienamely the tens all standing up. As a result, the interviewer
wished to explore her reasons for grouping blocks.

Interviewer: How would you show 417
Claudia: 4 tens and then plus(¢queezing the 4 tens shown below together)

In Figure 30, notice the manner in which she grouped and held the tens together.

I
i
[
I

=
=
=
=

=
=

=
=
=
=

o

o
",
,

Figure 30: Claudia's Use of Baselen Blocks to lllustrate 41

Interviewer: You put the 4 tens together.

Claudia: Yeah, because they go together
Interviewer: Tell me what you meah mathematically.
Claudia: | have 10 here (holding up one ten

| guess it goes back to what | was doing before (pairto the way she
grouped the numbers that she wrote 1 throughl Zh just thinking in
tens
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Here, Claudia illustrated signs of distinguishing between numbers according to their place value.
Furthermore, she displayed the first signs of usinggean iterable uniThe interviewer wanted

to further examine Claudiads ability to use
whole numbesincluding ways to compose and decompose numbers

Consistent with the last prospective teacher intereeg Claudia was given Base Ten Blocks

(3 Flats, 5 Longs, and 2 Unit Cubes.)

Interviewer: (Using Base Ten Blocks) How would you show 254?

Claudia: (Thinks as she is moving some blocks around) Could you make an
equation?

Interviewer: Tell me whatyou mean.

Claudia: You could make this 300 (Three X0bcks) and we want 54 so we would

put a minus sign and subtract from
50 and then add the See Figure 31 below)

Figure 31: Claudia's First Solution in Manipulating Base-Ten Blocks

Claudia: Oh we need 254.
Interviewer: Yes. Use the Base Ten Blocks in any manner you think would help you.

Claudia: Okay, | see. | could take twmeces of thigputs thumb over two pieces in
a 108block) and put it here (next to the two single unit blocks in figure
above).

Here, Claudia demonstrated algebraic thinking in initially using an equation to assist her
in thinking through this problem. Next, she showed that she could decompo$toall thto

single unit blocks in order to arrive at the number she needs. Having observed Claudia solve this
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problem, the researchiemwho served as the interviewer as vietisked her to show another way
of solving the same problem.

Claudia: Anotherway would beg (SeeFigure32).
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Figure 32 Claudia's Alternative Solution A to Represent 254

Claudia:

Or you would neethe two hundred fifty and 4 tenths of this single
piece(See Figure 33

Figure 33: Claudia's Alternative Solution B to Represent 254

In trying to clarify what Claudia had just mention#tke interviewed followed up on the idea of
Atent hso.

Interviewer: What do you mean by a tenth? Can you use the example of the number 21.
Claudia: Twenty one would be two teds and a tenth of a ten which is one

Claudia displayed her ability in using Base Ten Blocks to flexibly represent nsimlzer
variety ofequivalenwvays.Thi s poi nt was highl i ght ea@tenby

her
oneo. praveusly mentiomedeseardof Siejfe (1988, the

which i s

concurrent understanding of ten as ten ones as well as one iterable unit of ten represented a key

aspect of her understanding of place value and whole numbepteidirough her choices, she
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demonstrated that she could decompose bigger units as in the case of blocks of 10 and 100 in

order to accomplish the task at hand. This re

depiction of the 4 single unit blocks apaxt of the 100 block as represented in Figure 30. It

seemed that numerically, conceptually and visually Clanndimtained a solid understanding of

the relationship between oned6s, tends and hun
The last question during the pireerviewi as withall research participantsnvolved

examining a fictitious studentoés wor k.

fiSome fifthgrade teachers noticed that several of their students were making the same
mistake in multiplying large numbers. In trying to calculate

1 2 3
X 6 4 5

The stalents seemed to be multiplying incorrectly. They were doing this:

OIN OO
Alw O R,|IA DN
gijco N |01 W

1

What i s tnmissoneeptiontHewmwowddd/ou approach this misconception with
students? (Ma, 1999)

Claudia began to write othe problem for herself antmust be noted that immediately
upon writing the multiplication problem of 123 x 645, $ingt wrote in the zeros as it may be
seen in Figure 3MNote the particular language that she used with the emphasis on place value
understanding as well as reasoning strategies involving place values used to estimate the solution

to this multiplication problem.
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Figure 34: Claudia's Solution to the Multiplication Problem 123 x 645

exami

Interviewer: From what you an gather, what did the student do?

Claudia: Theydid not put the zero. They forgot to hold the vallieey are not
thinking of the 4 (pointing tthe 4 in 645) as a 40. They are just thinking
of it as a 4.

Interviewer: Okay. What should the stedt have done?

Claudia: Thinking of the 6 as a 600. This is a 40 and not a 4.
When | multiply, | add these place holders. | put a line through them so |
dondt conf use t heByputtingthkese placerheltersi ng e |
or zeros, you are tlinking of the 6 as a 600. By putting this one zero,
you are thinking of this as a 40 and not just 4.

Through |l istening to Claudiads explanati on

regarding her level of understanding multiplication. At theset, it was clear that she possessed

a solid understanding of the procedures involved in solving a multiplication problem such as 123
x 645. Secondly, she was able to justify her own actions and deciphered where the student had
gone wrong by paying pactilar attention to the misconception of treating the 40 as a 4 and the
600 as a 6. The ensuing comments related to the zeros placed to avoid confusion further

reinforce her conceptual and procedural understanding of-pédge notions. Overall, through

nation of anot her student 6s wor k, Cl

number concepfs specifically place valué and multiplication.
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During the Instructional Sequence

Place Value and Counting Strategies

Anal ysi s of iddlaetiutg- spaaificallyihoméwork assignments, handouts
and items on a testrepresergdthe next aspect of exploring her development during the course
of the instructional sequence. From this point on, problems listed and language used must be
treaked strictly as having occurred in be&enless specifically noted otherwise. After several
class sessions dedicated to counting and skip countingrdbpective teachevgere introduced
to the open number line in order to record their thinking and sksearious strategies used to
solve problems. After two weeks, the first
individually solve problems related to counting and reasoning with addition and subtraction.

In the following homework problem, Clawdutilized an open number line to solve t
problem Consider the following scenario:

AFor Valentineds Da-ghaped/chordlates. xftertb ought 57

purchasing some more, he had a total of 243 tstaped chocolates. How

many more chocolatesdd Vi ct or buy?0o0

In Figure 35 on the next pagenotethe wayClaudiacounted dow7 chocolats by

16s a framthk itasvalue of 243 chocolaend recorded her thinking usitinge

pedagogical content tool of the open number line.
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Figure 35: Claudia's Use of the Open Number Line to Solv@43i 57=?

In her written work, she described that solving this problemre@esented by the
equationfi2437 57 = D Next, notethat she decomposed the 57 cho@ddb be takeaway
according to place value by first Ataking awa
After she took away all the singlechocadas , s he proceeded to fAtake a
t aki ng awa yAsh€esul, she eonded that hyaking away 57 chocolas from the
total of 243; her answer would be that AVicto

Theinstructions for thigproblem involved showing twdifferentways to solve this
particular questionin this solution, ote themanner in with she started off with the 57
chocolaes anccountedug i r st by 16s an dtodrrivecantheltoyal ofl2d3 6 s and

chocolaés.
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Figure 36: Claudia's Use of the Open Number Line to Solve 57 + ? = 243
Thistime,Claud a deci dle dunttoi ladnde figet a number with

Next, she added the largest number by place val@# candie$ that she could without going

over the desired amount. She stated: therWe cano
than our goal so we will continue to count wup
counted up to 243, Claudia concluded that she

again she maintained t hat . fihughdounting upemdtageht 16 4
away strategies illustrated by the open number,l@kudia illustrated great understanding in
using place value concepts in a flexible fashion to assist her in solving this problem.

Addition and Subtraction

Over the nekthree weeks, the instructional taskvolved using the context of the candy
shop to further highlight the significance of place value and exploring invented strategies for
addition and subtraction. Place value notions as well as the composition angpdsition of

numbers according to place value were explored through the use of inventory forms. These
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