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ABSTRACT 

 This research project aimed to extend the research literature by providing greater insight 

into the way individual prospective teachers develop their conceptual understanding of whole 

number concepts and operations in a social context. In this qualitative study, a case study 

analysis provided the opportunity for careful exploration of the manner in which prospective 

teachersô understanding changed and the ways two selected participants reorganized their 

mathematical thinking within a classroom teaching experiment. While previous research efforts 

insisted on creating a dichotomy of choosing the individual or the collective understanding, 

through the utilization of the emergent perspective both the individual and the social aspects 

were considered. Specifically, using the emergent perspective as a theoretical framework, this 

research endeavor has outlined the mathematical conceptions and activities of individual 

prospective teachers and thus has provided the psychological perspective correlate to the social 

perspectiveôs classroom mathematical practices.  

 As the research participants progressed through an instructional sequence taught entirely 

in base-8, a case study approach was used to select and analyze two individuals. In order to gain 

a more thorough understanding of the individual perspective, this research endeavor focused on 

whether teachers with varying initial content knowledge developed differently through this 

instructional sequence. The first participant initially demonstrated ñLow-Contentò knowledge 

according to the CKT-M instrument database questions which measure content knowledge for 

teaching mathematics. She developed a greater understanding of place value concepts and was 

able to apply this new knowledge to gain a deeper sense of the rationale behind counting 

strategies and addition and subtraction operations. She did not demonstrate the ability to 
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consistently make sense of multiplication and division strategies. She participated in the 

classroom argumentation primarily by providing claims and data as she illustrated the way she 

would use different procedures to solve addition and subtraction problems.  

 The second participant illustrated ñHigh-Contentò knowledge based on the CKT-M 

instrument. She already possessed a solid foundation in understanding place value concepts and 

throughout the instructional sequence developed various ways to connect and build on her initial 

understanding through the synthesis of multiple pedagogical content tools. She demonstrated 

conceptual understanding of counting strategies, and all four whole number operations. 

Furthermore, by exploring various ways that other prospective teachers solved the problems, she 

also presented a greater pedagogical perspective in how other prospective teachers think 

mathematically. This prospective teacher showed a shift in her participation in classroom 

argumentation as she began by providing claims and data at the outset of the instructional 

sequence. Later on, she predominantly provided the warrants and backings to integrate the 

mathematical concepts and pedagogical tools used to develop greater understanding of whole 

number operations. These results indicate the findings based on the individual case-study 

analysis of prospective elementary school teachers and the cross-case analysis that ensued.  

The researcher contends that through the synthesis of the findings of this project along with 

current relevant research efforts, teacher educators and educational policy makers can revisit and 

possibly revise instructional practices and sequences in order to develop teachers with greater 

conceptual understanding of concepts vital to elementary mathematics.  
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CHAPTER 1: INTRODUCTION  

 

In an ever increasing technological world, the emphasis on learning and understanding 

mathematics remains paramount. Daily operations and equipments in schools, homes, and 

workplaces all around the world rely heavily on mathematical notions. As for the future, 

mathematics serves as a gateway towards educational opportunities and discoveries in science, 

computer technologies, entertainment, and communication (National Research Council, 2001). 

The key to prolonged success of any society rests with its educational opportunities; and 

elementary schools are at the forefront of preparing the minds of our children for the future. In 

Principles and Standards for School Mathematics (NCTM, 2000), the National Council of 

Teachers of Mathematics (NCTM) highlighted the significance of critical educational reforms 

and specified fluency with numbers and operations along with number sense as major themes of 

elementary education.  

Statement of the Problem 

Throughout the history of mathematics education reform movements, one aspect has 

remained constant. Insightful programs can succeed ï often times with dramatic results ïwhen 

efforts are made to assist teachers and administrators assume and carry out their new roles 

(Darling-Hammond, 1997; NCTM, 2003). The National Mathematics Advisory Panel (NMAP) 

published its findings in 2008 and recognized the central role of mathematics teachersô 

knowledge. Specifically, mathematics teachers need to know the mathematics content in detail 

and from a more advanced perspective than their students (National Mathematics Advisory 
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Panel, 2008). In How people Learn ïBrain, Mind, Experience, and School (Bransford, Brown & 

Cocking, 1999), Bransford and his colleagues address one of the problems facing our elementary 

school teachers:   

 ñIf teachers are to prepare an ever more diverse group of students for much more

 challenging workðfor framing problems; finding, integrating and synthesizing 

 information; creating new solutions; learning on their own; and working cooperatively - 

 they will need substantially more knowledge and radically different skills than most now 

 have and most schools of education now developò (p. 233). 

 

 Since U.S. teachers are entering the classrooms without a profound knowledge of the 

precise mathematics they are/will be teaching (Ma, 1999), efforts are needed to insure that 

prospective teachers gain a deeper, conceptual understanding as a part of their educational 

training. Whole number concepts and operations form the foundational understanding in 

elementary grades which are vital to further development of fractions and geometry topics and 

eventually leading to algebraic notions. It is precisely this foundational understanding that needs 

to have deep, firm roots in order to eventually guide our students to the algebraic gateways that 

are essential in attaining academic and financial success (National Mathematics Advisory Panel, 

2008). 

 To compound the issue of the dire need for highly qualified teachers who possess this 

conceptual understanding, current projections indicate that ñthe total elementary and secondary 

enrollment  is projected to increase an additional 10 percent between 2005 and 2017ò (National Center for 

Education Statistics, 2008, p. 5). In order to meet the increase from 55.2 million to the 60.4 million 

students projected to be enrolled in PK-12 by 2017, the United States will need to hire an additional 

two million teachers to account for the rising student enrollment, teacher attrition, and the 

growing group of retiring teachers. Furthermore, current and prospective teachers will ñneed to 
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be prepared to teach an increasingly diverse group of learners to ever-higher standards of 

academic achievementò (Darling-Hammond, 1997, p. 162). Teachers need to understand the big 

ideas of mathematics and have the ability and background to represent mathematics as a 

connected endeavor in a coherent fashion (Schifter, 1993). Planned inquiry and examination of 

the notion of place value and whole number concepts and operations help to develop insights for 

prospective teachers both to enhance their studentsô conceptual understanding and 

simultaneously construct a deeper content knowledge base for the teachers. 

Significance of Study 

 A prospective elementary teacher was provided the following word problem along with a 

fictitious studentôs work. The prospective elementary teacher was asked to explain whether the 

student was correct and was expected to provide a rationale for her choice. Upon examining the 

word problem and the provided studentôs work, note how the prospective teacher was able to 

unpack the studentôs thinking relative to place value concepts.  

 ñWord Problem:ò 

  

 There were 312 marbles in a toy store. 165 marbles were sold. How many marbles  

   were left? 

 

  Studentôs solution:  

 

  
11 12 

- 3 1 2 

 
2 7 

 

 
1 6 5 

 

 
1 4 7 

 

 

 Upon examining this fictitious studentôs work, the prospective teacher reflected:  
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The student knew that he couldnôt take 5 from 2; therefore he took a 10 from 

the 6 which made the 6 a 7 and the 2 a 12. Then he knew he couldnôt take a 7 

from 1, therefore he took a 10 from the hundreds column and made the 1 in 

the hundreds column a 2 and the 1 in the tens column an 11. Lastly, he 

subtracted 5 from 12, the 7 from the 11 and the 2 from the 3 to get the 

answer. 

  

 This example illustrated the prospective teacherôs limited understanding in making sense 

of the studentôs work. While the prospective teacher demonstrated that she understood the 

manner in which the student related the numbers according to place value, she did not fully grasp 

his solution. This student did not ñtake a 10 from the 6ò as the prospective teacher reflected, but 

rather he realized that by making the 2 into a 12 he had added 10 ones. To compensate for adding 

10 ones, he added one group of tens to the 6, therefore replacing the 6 by a 7. This student 

continued to reason according to place value by making the 1 into an 11 and equally 

compensated by adding one group of hundreds to the 1 making it into a 2. Next, he proceeded to 

subtract each of the columns according to place value and arrived at his answer of 147 marbles. 

Through a solid foundation of whole number concepts and operations, prospective teachers such 

as the one described above will be much better prepared to teach mathematics in a meaningful 

way and have the conceptual understanding to relate to studentsô thought processes more 

effectively.  

 The primary purpose of this study was to highlight the individual understanding of 

prospective elementary teachersô development of whole number concepts and operations. 

Current efforts in the reform of education and teacher preparation emphasize the significance of 

teacher knowledge (NCTM, 2000; National Mathematics Advisory Panel, 2008). Liping Ma 

(1999) writes: ñWhile we want to work on improving studentsô mathematics education, we also 
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need to improve their teachersô knowledge of school mathematics. The quality of teacher subject 

matter knowledge directly affects student learning-and it can be immediately addressed.ò (p. 

144). In fact, teachers are viewed as the key figures in the implementation of the standards and 

guidelines set forth by NCTM and the National Research Council (National Research Council, 

2001). 

 Another significant component towards the improvement of understanding in teachers 

deals with the social context in which learning occurs. Cochran, DeRuiter & King (1993) infer 

that teaching for understanding and teachersô abilities are enhanced if they are acquired in 

contexts that resemble those in which they will be using their knowledge ï specifically a 

classroom context. In fact, prospective and in-service teachers can gain valuable insights into the 

learning and teaching of mathematics in an inquiry-laden classroom environment (Carpenter, 

Franke, Jacobs, Fennema & Empson, 1998; Kazemi, 1999).  

 In this qualitative study, a design-based research project was undertaken as the 

framework to examine prospective teachersô understanding of whole number concepts and 

operations. The goal of design-based research is to lead to an eventual educational theory (Cobb, 

2003) while going through the iterative process in a social context that integrates the analysis of 

studentsô learning within a collective classroom setting. Classroom teaching experiments allow 

researchers to carefully analyze the manner in which student understanding changes and the 

ways students reorganize their mathematical thinking (Steffe & Thompson, 2000). Typically, the 

goals of design-based research projects involve: (1) Analyzing the relationship between the 

instructional design and student learning, and (2) Analyzing the collective classroom dynamic in 

relation to individual studentôs developing understanding. As for the participants, this type of 
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classroom inquiry promotes opportunities to become flexible learners and allows for the 

development of conceptual knowledge with depth including a connected web of understanding 

(Hiebert & Carpenter, 1992). The aforementioned classroom teaching experiment (Cobb, 2000; 

Steffe & Thompson, 2000) took place in an undergraduate mathematics content course intended 

for prospective elementary school teachers. Due to the cyclic nature and design of classroom 

teaching experiments, this iteration continued along the line of a previous classroom teaching 

experiment (Andreasen, 2006) conducted two years earlier in a similar setting. 

 In order to collect and analyze the data, a framework was needed that examined both the 

learning and development of the individual as well as the collective in the social context. While 

various previous research efforts insisted on creating a dichotomy of choosing the individual OR 

the collective understanding, the emergent perspective insists that no such division is needed. In 

fact, learning takes places simultaneously in both contexts while neither the individual 

perspective nor the social aspect takes primacy over the other (Cobb & Stephan, 2003). The 

social and the individual are forever linked; and yet each needs to be carefully analyzed to create 

the full picture. Furthermore, teachers need to understand the big ideas of mathematics and have 

the ability and background to represent it as a connected endeavor in a coherent fashion 

(Schifter, 1993, 1998). Prospective teachers in this classroom teaching experiment were viewed 

as reorganizing their thinking as they participated and contributed to their context both socially 

and mathematically. 

 Previous research efforts have illustrated that children tend to progress through several 

developmental phases in learning about whole numbers and place value concepts (Cobb & 

Wheatley, 1988; Steffe, 1983). In fact, recent research endeavors have demonstrated that 
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prospective teachers followed developmental stages similar to children if placed in a context to 

examine whole number concepts and operations from a different perspective (Andreasen, 2006; 

Roy, 2008, Tobias, 2009, Wheeldon, 2008). McClain (2003) introduced the notion of using an 

alternative base with prospective elementary teachers in order to develop instructional tasks and 

goals to foster understanding. For the purposes of this research study, the particular alternative 

base selected was base-8 in continuation of previous research efforts (Andreasen, 2006; 

McClain, 2003, Roy, 2008). Base-8 was quite suitable since the values in this particular base do 

not immediately reach its ñmaximum place valueò or ñtenò ï as opposed to a base system such as 

base-4. Since both base-8 and base-10 are even, they share common base system characteristics 

and eventually lead to common strategies used to solve whole number operations. Unlike 

children who enter elementary classrooms without significant experience with our base-10 

number system, prospective elementary teachers have experienced the traditional base-10 system 

for a number of years. In a social context using an instructional sequence in base-8, prospective 

teachers had the opportunity to reexamine their thinking and re-evaluate their conceptual 

understanding of whole number concepts and operations.  

Research Focus 

 Teachers continue to be the central figures in guiding students in a community of 

practice. Teacher understanding of the inner relationships between classroom norms and 

mathematical learning is critical for designing an appropriate learning environment. Prospective 

teachers develop flexible understanding of how and when to use their content knowledge if they 

learn how to extract ideas from their learning and teacher preparation programs. With whole 

number concepts and operations at the core of elementary school mathematics, prospective 
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teachersô development of these notions should be studied further. In particular, this research 

study explored the following question:  

 

ü In what way does the conceptual understanding of individual prospective teachers 

develop during an instructional unit on whole number concepts and operations situated in 

base-8? 

Summary 

 Teaching for understanding remains essential as it relates to student achievement and 

progress. The fundamental aspects of the understanding of whole number concepts and 

operations have been well cited in the research literature. While many research studies have 

contributed greatly towards understanding childrenôs development of whole number concepts 

and operations, significantly less research has been done with respect to prospective teachersô 

development of the same topics. In particular, this research intended to contribute to the study of 

prospective teachers in the social context and expand on their individual understanding of whole 

number concepts and operations within this collective setting.  

 In the next chapter, a review of the relevant literature was provided that addressed 

prospective teachers as well as childrenôs development and understanding of whole number 

concepts and operations. Furthermore, teacher knowledge and the manner in which the particular 

instructional sequence of this research effort affected prospective teachersô development were 

discussed. The third chapter focused primarily on methodological aspects of this research 

including a case study methodology that relied on the interpretive framework based on the 

emergent perspective (Cobb & Yackel, 1996). The fourth and fifth chapters involved the case 



9 

 

study analysis of the individual prospective teachers and their mathematical activities with a 

focus on the way each individual developed her conceptual understanding of whole number 

concepts and operations. The sixth chapter involved a cross-case analysis of the prospective 

teachers while comparing and contrasting their development through the instructional sequence. 

Finally, Chapter seven included implications for future research, limitations of this study and 

some concluding remarks. 
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CHAPTER 2: LITERATURE REVIEW  

 

 In order to accurately portray the developments in mathematics education relevant to the 

understanding of whole number concepts and operations, an overview of the literature was 

presented in the following manner. First, a historical perspective demonstrated the thoughts and 

theories that have led to our present notions. Next, this study specifically considered childrenôs 

development of whole number concepts followed by operations. At this juncture, this study 

focused on prospective teachers and their knowledge base in relation to the topic at hand. This 

review of literature next included the preparation of prospective teachers in their teacher 

education programs and the manner in which they have been prepared to meet the needs of their 

future students. After this point, the proposed path that prospective teachers would take in their 

mathematics content course in order to learn whole number concepts and operations was 

examined by looking at a hypothetical learning trajectory (HLT). This chapter on the literature 

review aimed to provide the background research as well as set the stage for the design and 

methodology which was discussed in Chapter 3. 

Histor ical Perspective 

 The goal of understanding studentsô learning of mathematical topics is not new to the 

field of education as efforts have been made since the days of Pestalozzi (1746-1827) and 

Montessori (1870-1953) during the last few centuries. Specifically, John Dewey advocated that 

the most effective learning tends to be self-directed, guided by theory, and ideally attached to 

experiences (Dewey, 1915). He emphasized that learning does not represent a set of 

disconnected events which take place in isolation, but rather as an integrated lifelong process. 
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Dewey provided a multi-step approach to the learning process by identifying an initial stage of 

experience, followed by a reflection phase. During this phase of reflection, the emphasis is on the 

synthesis of experience with theory as one revisits and generalizes based on the reflection. The 

postulation of the learning process concludes with a new generalization which may be verified 

and tested in the realm of practice guiding new learning cycles (Dewey, 1997). 

 Learning, according to Piaget, is understood as a process of conceptual growth which 

requires the formation and reorganization of concepts in the mind of the learner (Piaget, 1965). 

This knowledge may not be communicated but rather is constructed and continuously 

reconstructed by individuals through an active process of ñdoingò mathematics. Empirical 

evidence has repeatedly supported this argument which favors learning and teaching 

mathematics for understanding (Polya, 1957, 1985). In the specific domain of arithmetic and 

understanding whole number concepts and operations, Brownell (1935) contended, ñIf one is to 

be successful in quantitative thinking one needs a fundamental of meanings, not a myriad of 

óautomatic responsesô ò (p. 10). If this notion is to be ñmeaningfulò, the instruction needs to 

emphasize the teaching of arithmetical meanings and making these notions sensible to children 

through the development of mathematical relationship (Brownell, 1947, Buswell, 1951, NCTM, 

1970, 2003). In the 10
th
 yearbook published by NCTM, Brownell addressed whole number 

concepts and operations by recommending an intelligent grasp of these topics for children in 

order to deal with proper comprehension of the mathematics as well as their practical 

significance. 

 Upon the discussion of the critical nature of learning whole number concepts and 

operations, the next natural question should address who will be responsible for teaching these 
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significant notions and how should they proceed? Clearly, since elementary school children 

spend a majority of their time dealing with such topics, elementary school teachers carry the vast 

majority of the responsibility for establishing and developing these topics in children.  In the 

words of Bruner (1962), ñWhen we try to get a child to understand a conceptéthe first and most 

important condition, obviously is that the expositors themselves understand itò (p. 105). 

Therefore, current and future elementary school teachers should have the foundational 

understanding and appropriate education to accomplish this vital task. Furthermore, the teaching 

and learning of mathematics for understanding has and continues to be consistent with the 

recommendations of NCTM (1989, 2000) and the National Research Council (1996, 2001). 

Historically, the reform programs and movements that were implemented through careful 

deliberation and by people who understood the intricacies of learning in children and prospective 

teachers have had ñoften dramatic resultsò (NCTM, 1970, p. 627). 

 As the primary focus of this research, this study intentionally examined the conceptual 

understanding of prospective teachers within the domain of whole number concepts and 

operations. As previous research in this topic has indicated (Andreasen, 2006; Roy, 2008), 

prospective teachers tend to progress through levels of development very similar to the stages 

that children experience in learning whole number notions. Hence, this review of literature shall 

next describe the ways that children typically develop their thinking in order to inform the 

understanding of prospective teachers. 

Childrenôs Development of Whole Number Concepts 

 From an analysis perspective, it should not be difficult to fathom the reasons behind 

childrenôs struggles with the notion of number. After all, in the base-ten system, the value of a 
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digit is comprised of a dual meaning: the value of the digit AND its position within the numeral. 

That is to say a single numerical symbol can simultaneously represent different notions 

depending on its placement within a number. The compactness and sophistication of this number 

system are intertwined with its inherent initial complicated nature. 

 When children begin to learn to count, they do not attend to a difference between a 

single-digit and a multi-digit number. From a childôs perspective, the number 10 follows the 

number 9 very much in the same way that the number 9 followed the number 8. The numbers 

aforementioned simply represent a number of items. In fact, research has illustrated that children 

observe that 10 only differs from its precedent number 9 in that 10 represents one additional item 

(Fuson et al., 1997; Steffe & Cobb, 1988). Needless to say, the number ten, and for that matter 

the naming of ten, inherently does not serve notice that nine and ten represent different numbers 

of digits (Thanheiser, 2005). Furthermore, children do not perceive multi-digit numbers as a 

partitioning of parts but as a collection of objects. Ross (1990) reported on students in grades 3-5 

and their construction of meaning for the individual digits in a multi-digit numeral by matching 

the digits to quantities in a collection of objects. With such tasks, results from 4
th
 and 5

th
 graders 

indicated that no more than half of the 71 students in the study demonstrated an understanding 

that the ó5ô in ó25ô represented five of the objects and the ó2ô the remaining 20 objects (Kamii, 

1986; Ross, 1990). 

 In fact, a significant change in understanding occurs precisely when children can 

simultaneously recognize single objects as units - iterable in nature - as well as a single, 

countable quantity (Fuson et al., 1997; Reys et al., 1995; Steffe & Cobb, 1988). Fuson (1997) 

distinguishes between a unitary conceptual structure and a multiunit conceptual structure. The 
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unitary conceptual structure refers to a group of single objects, where the child may count by 

ones or tens, however; the ten represents a shortcut to counting the single units. In this case, the 

ñnumber of tensò or perhaps the ñnumber of hundredsò is not being counted (Thanheiser, 2005, 

2009). Conversely, in the multiunit conceptual structure, this notion of ñnumber of tensò or 

ñnumber of hundredsò represents  

 

 

 

      

 The primary distinction between the two aforementioned levels is that children who are 

unable to form units of units observe the number to be a collection of units to assist them in 

counting. On the other hand, children who can employ the multiunit conceptual structure tend to 

form units of units in order to observe the number of sets of tens, hundreds, thousands, etc. 

Figure 1, on the following page, illustrates the studentsô abilities to ñflexibly see ten as both 1 ten 

and 10 ones ï that is, to be aware that ten can refer to 10 ones and 1 ten simultaneously and be 

able to choose the more suitable interpretation, as 1 ten or 10 ones, for a given situation.ò 

(Thanheiser, 2009, p. 253). 

éa collection of entities (such as counting ñone hundred, two hundred, three 

hundred,ò in which the referent for each ñhundredò is a collection of 100 

entities of some kind) or a collection of collections of objects (as in the 

cardinal reference of ñseven hundredò to a collection of seven collections of 

100 entities). (Fuson, 1990, p. 273) 
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Figure 1: Flexible Understanding of Ten as Both 1 Ten and Ten Ones (Thanheiser, 2009)  

According to both Fuson (1997) and Thanheiser (2009), in order to have the most sophisticated 

conceptual understanding of two-digit numbers, students need to possess the flexibility to realize 

that ten could concurrently represent ten ones and one ten. In Figure 2, a flexible understanding 

of ten enables students to consider a number such as 37 ï as demonstrated below on the left ï 

and see 1 ten and 10 ones simultaneously in the number. However many times - as shown in 

Figure 2 on the right - while students are aware that ñones and tens are different unit types, they 

do not see that 10 ones make 1 ten.ò (Thanheiser, 2009, p. 253)  

 

Figure 2: Studentsô Possible Conceptions of the Number 37 (Thanheiser, 2009) 
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In examining childrenôs development of units, there are three major conceptions of Ten:   

Ten as a numerical composite:   

 Ten would represent a collection of objects that in itself does not yet comprise a 

unit. This conception relies on the single pieces or elements of the composite rather than 

the whole composite. According to Cobb and Wheatley (1988), ñChildren for whom ten 

is a numerical composite are yet to construct as (sic) a unit of any kind. There are either 

ten ones or a single entity sometimes called ótenô but not both simultaneouslyò (p. 5) 

 Ten as an abstract composite unit: 

 Ten in this aspect does represent a composite unit and yet simultaneously 

maintains a sense of ñtenòness. Even though the recognition is made that ten represents 

10 oneôs, the key aspect in this stage lies in the fact that children still do not increment by 

10 when they count by 10ôs. For example, in the sequence of 10, 20, 30 objects, the 30 

would represent 20 more single objects than 10 and not two more tens. While children at 

this stage will recognize that 24 objects can be grouped into two groups of ten and 4 ones, 

they struggle with sharing these 24 objects among 3 friends. In other words, once the 

child has thought of ten as a composite unit, s/he experiences a multitude of difficulties in 

reimagining the ten as ten single objects (Cobb &Wheatley, 1987). 

Ten as an iterable unit: 

 During this conception of ten, children do view ten as a group of objects and 

concurrently can extract and deal with the single units. Here ten can be a single unit of 10 

AND a collection of 10 single objects. According to Steffe and Cobb (1988): 
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The construction of the iterable unit of ten was required before the children 

could understand the positional principle of the numeration system. We were 

surprised at how difficult it was for them to understand that each decade 

comprises a number sequence of numerosity then and also that a counting by 

ten act could increment by ten more ones. (p. 8) 

 

 Over the course of the past few decades, researchers have identified significant stages in 

the early number development of children (Fosnot & Dolk, 2001; Kamii, 1985; National 

Research Council, 2001). Some of these stages include the notion of place value and unitizing as 

already mentioned. Other important stages include the notion of cardinality, one-to-one 

correspondence, and hierarchical inclusion. According to the National Research Council (2001), 

cardinality refers to the notion that the last counting word spoken will indicate how many objects 

are in the set as a whole. One-to-one correspondence implies that there must be such a 1:1 

relationship between objects counted and the counting words. Hierarchical Inclusion refers to 

the notion that whole numbers will increase by precisely 1 every time in the progression. 

 Furthermore, Fuson and colleagues discuss childrenôs numerical associations between 

numbers spoken, numbers written, and numerical quantities. Such associations often illustrate 

strategies such as counting in a disorganized fashion, counting on fingers, noticing and 

organizing patterns in numbers, and connecting numbers and words as well as experiences with 

manipulatives. The progression that many children follow observes a trend from using fingers to 

connect a quantity of objects with numbers, onto counting with a one-to-one correspondence, 

and resorting to various counting strategies upon gaining proficiency with previous strategies 

(Fuson et al., 1997, 2001). Such approaches lead to skip counting, counting forwards and 

backwards, as well as to addition and subtraction strategies (Fosnot & Dolk, 2001).  
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Childrenôs Development of Whole Number Operations 

 

 Upon becoming more proficient with counting numbers, children are asked to examine 

whole numbers in meaningful contexts such as story problems. In such ñword problemsò, 

children are often provided single-digit whole numbers and asked to add or subtract them in 

order to arrive at an unknown quantity. Contrary to popular belief and the apparent disdain of 

word problems by older students, children actually excel in solving story problems as the context 

adds meaning and allows for the development of strategies to solve such problems (Burns, 1992). 

Initially, children tend to model or represent story problems using a drawing or some 

manipulatives (Fuson, 1992). Some children tend to count by ones, whereas others with a more 

developed understanding of whole number concepts may directly model the problem to 

eventually arrive at a recognized operation (Cobb & Wheatley, 1988; Steffe, 1983).   

 Many young children come to elementary schools with the ability to solve single digit 

addition problems. As Fuson (1992) and Steffe (1983) have indicated, children who did not 

possess an understanding of the place value notion tended to struggle at this stage and beyond. In 

the next few sections, some of childrenôs strategies and invented algorithms will be presented to 

provide insight into the mathematical understanding that is needed to use each of these 

approaches. Andreasen (2006) and Roy (2008) have shown that placed in a new context, 

prospective teachers followed a similar progression to children in developing understanding of 

whole number concepts and operations. Hence, this research project benefited from having an 

understanding of the path children follow to gain proficiency with whole number operations in 

order to inform the path that prospective teachers ultimately followed. 
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 Research supports that allowing children to develop strategies that are ñnewò (to them) 

deepens studentsô conceptual understanding and eventually leads to further understanding of 

traditional algorithms (Caroll & Porter, 1997; National Research Council, 2001). Children 

typically use flexible strategies to solve (story) addition and subtraction problems (Russell, 2000; 

Schifter, 1998). In fact, students tend to modify their approach and become more efficient at 

these strategies as they progress through the whole number operations portion of the curriculum. 

As stated earlier, while exploring whole number concepts and operations, prospective teachers in 

earlier studies modeled addition and subtraction strategies commonly illustrated by children 

(Andreasen, 2006; Roy, 2008). Each of the strategies stated in Table 1 are demonstrated in the 

upcoming section, note the significant role of understanding place value concepts in developing 

proficiency with whole number concepts and operations. 

 Table 1: Childrenôs Addition and Subtraction Strategies 

 

 
Strategy 1 Strategy 2 Strategy 3 Strategy 4 

Addition  Counting-on Near doubling Adding to ten 

 

Adding one-less-

than-ten 

 

 

 

Subtraction 
Front-end 

subtraction 
Compensation 

 

Taking extra and 

adding back 

 

 

Subtracting by 

equal additions 
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Addition Strategy 1: Counting-on 

 Elementary school children often times use the counting on strategy when one addend is 

small. For instance, in solving 7 + 4, children begin with 7 then counts on four more: 8, 9, 10, 11. 

Children typically begin with the larger addend and then count on as many numbers as needed 

according to the other addend. In a similar scenario given 3 + 14, children may start by counting 

on 14 from 3, or in some cases start with the larger addend 14 and count on 15, 16, 17 even 

though the larger addend is the second addend in the expression.  

Addition Strategy 2: Near doubling  

 Another strategy used by children in solving problems of the type 7 + 8 is called near- 

doubling. Some children will use the addition fact of 7 + 7 = 14, and then simply add 1 to 

finalize their solution. This method suggests a ñdouble plus 1ò approach. Other children will take 

a similar problem, 8 + 7 and use the addition fact of 8 + 8 = 16, and then subtract 1 to finalize 

their solution. This method utilizes a ñdouble minus 1ò approach in solving whole number 

addition problems.   

Addition Strategy 3: Adding to ten 

 When adding pairs of numbers whose total is greater than ten, many children use adding 

to ten strategies. Taking the previous example of 8 + 7, children will think through the transitory 

stage of ñwhat do I need to add to 8 to make a 10?ò Next, they regroup 2 of the 7 objects and 

group them with the 8. The next question to be answered involves ñten and 5 more makes how 

much?ò In Figure 3 on the next page, note the way that childrenôs mental process of adding to 

ten may be recorded visually. 
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8 + 7 Adding to Ten 10 + 5 = 15 

 

Figure 3: Model of Adding to Ten Strategy in Solving 8 + 7 

Addition Strategy 4: Adding one-less-than-ten 

 This particular strategy is used by children in the particular instances when adding nine as 

one of the addends. The one-less-than-ten strategy becomes very efficient when children are 

asked to solve problems such as 6 + 9. More advanced children solve this problem by performing 

6 + 10 = 16. Next, knowing that 9 is one-less-than-ten, then the result should be one less than 16. 

In other words, through familiarity with adding by place value, children can quickly arrive at the 

result of 6 + 9 = 16 ï 1 = 15. This particular strategy can be extended to multi-digit addition 

problems in scenarios when one of the addends has a 9 such as an addend of 39 or 59. 

 Similar to addition strategies discussed above, many subtraction strategies also require a 

solid foundation of place value understanding. Children need to realize that a number such as 23 

is not simply a 2 and 3. According to Cobb and Wheatley (1988), children arrive at the 

understanding of conservation of number as well as seeing ñtenò as an abstract notion in addition 

to an iterable unit. A few of the subtraction strategies consistently used by children have been 

illustrated in the following section. 
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Subtraction Strategy 1: Front -end subtraction 

 In solving a problem such as 62 ï 38, many children who have not yet been taught 

standard algorithms for multidigit subtraction begin by taking away the ten first. In other words, 

their thought process begins at the ñfrontò of the number and can be modeled by 62 ï 30 = 32. 

Next, children using this subtraction strategy will subtract 8 from the resultant number. By 

performing 32 ï 8 = 24, these children have not followed the traditional subtraction algorithm 

which begins with subtracting the ones unit first. Using this technique, children need to have an 

understanding of decomposing numbers according to place value to arrive at 62 ï 38 equals 24. 

Subtraction Strategy 2: Compensation 

 Continuing with the subtraction problem 62 ï 38, some children will compensate by 

adding what it takes to make the bottom number a multiple of ten. In this case, children would 

add 2 to both numbers and instead solve the problem 64 ï 40 (compensating by 2). The new 

problem of 64 ï 40 appears to be much easier for children and can be solved using a variety of 

methods to arrive at the result of 24. Through the use of compensation strategies, children have 

once again solved the problem 62 ï 38 to get 24. 

Subtraction Strategy 3: Taking extra and adding back 

 In a somewhat different approach from the compensation strategy, some children only 

change one of the numbers and then adjust to make it model the original problem. In the case of 

the same example 62 ï 38, some children might take an extra two away so that the problem 

could be rewritten as 62 ï 40 = 22. Then, knowing that they have taken an extra two away, they 

wil l add the amount 2 back to the result. Therefore, 2 must be added to 22 to get 24 as the final 

answer. Note that this strategy is different from compensation as children only adjusted one of 
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the two original numbers to perform this subtraction problem in a manner that made sense to 

them individually. 

Subtraction Strategy 4: Using place value understanding to subtract by equal additions 

 A related - yet distinct ï approach from the compensation strategy discussed earlier 

involves using place value understanding. Children who possess an understanding of 1 group of 

tens simultaneously equaling 10 ones use the ideas of decomposing numbers and an algorithmic 

approach to subtract by equal addition. In this approach, children will add the same amount but 

add it in different place values ï such as 10 ones in the ones column and 1 ten in the tens column 

- to solve a desired subtraction problem. Figure 4 revisits the same subtraction problem 62 ï 38 

in order to demonstrate subtracting by equal addition. Note the way children will change the 2 in 

62 and the 3 in 38 by adding the same amount to both numbers.  

    
  

12 

- 6 2 == - 6 2 

    
 

4 
 

 3 8  
 

3 8 

______________  ______________ 

    
 

2 4 
 

Figure 4: Strategy of Subtracting by Equal Addit ion 

 Childrenôs thinking in this example illustrated their thought process and approach to 

subtracting 8 (the ones place value in 38) from the 2 (the ones place in 62). By adding ten to the 

ones place in 62 (making it 12), it would make it easier for children to subtract. But by adding 

ten to the 62, the 38 needs to have ten added to it as well in order to keep the difference the same. 

As a result, children will add not 10 ones, but the equivalent 1 tens to account for this approach. 
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In an illustration of understanding place value and decomposition of whole numbers, children 

add the ten by adding 1 to the tens digit of the number being subtracted (making the 3 in 38 into 

a 4 to make 48). Finally, children proceed by subtracting according to place value. In the ones 

place, 8 from 12 is 4, and in the tens place, 4 from 6 yields 2. Using this complex and advanced 

strategy that required conceptual understanding of whole number concepts and operations, 

children solved 62 ï 38 = 24.  

 At this point, this research study addresses childrenôs development of multiplication and 

division concepts and the associated strategies. Children typically begin by directly modeling 

multiplication and division problems (Carpenter, et al., 1996). According to Fosnot and Dolk 

(2001), elementary school children tend to use groups of objects to extend their ideas of addition 

and subtraction in order to model multiplication and division problems. As outlined by Steffe 

(1988), notions of multiplicative reasoning begin to take form when children have realized the 

conceptual meaning of the number of groups and the number of objects in each group. 

Gradually, similar to addition and subtraction, children gain increasing efficiency in solving 

multiplication and division problems and experiment with using iterable units (Cobb & 

Wheatley, 1988). The next section will address some common multiplication and division 

strategies typically observed. 

 In Adding It Up (National Research Council, 2001), various whole number concepts and 

operations are discussed. While exploring whole number concepts and operations, prospective 

teachers in studies by Andreasen (2006) and Roy (2008) modeled multiplication and division 

strategies commonly illustrated by children as described in Adding It Up. Each of the strategies 

stated in Table 2 will be demonstrated in the upcoming section. Note the significant role of 
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understanding counting strategies as well as addition and subtraction strategies in childrenôs 

multiplication and division approaches. 

Table 2: Childrenôs Multiplication and Division Strategies 

 

 
Strategy 1 Strategy 2 Strategy 3 Strategy 4 

Multiplicat ion 
Repeated 

addition 
Skip counting 

 

Using known 

number facts 

 

Products with 

nine as one factor 

 

 

Division 
Repeated 

subtraction 
Skip counting 

 

Using known 

number facts 

 

 

Division with no 

regrouping 

  

 

 Frequently, childrenôs strategies in solving multiplication and division problems neglect 

the actual context of the problem (Fosnot & Dolk, 2001; Russell, 2000). A few examples of 

multiplication and division strategies should provide a better grasp of childrenôs approaches to 

solving problems. 

Multiplication Strategy 1: Repeated addition 

 In solving a rather elementary multiplication problem such as 6 × 7, often times story 

problems are used to model this scenario. For instance, children may be asked to solve the 

following problem: ñA box of greeting cards included 7 cards in each packet. How many total 

cards would there be in 6 boxes of greeting cards?ò Some children model a repeated addition 

strategy to solve this problem by taking 7 + 7 = 14 and then add 7 onto the previous sum 

repeatedly until they have accounted for all the cards in the 6 boxes. Therefore, these children 
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would illustrate their mental process by writing: 7 + 7 = 14; 14 + 7 = 21; 21 + 7 = 28; 28 + 7 = 

35; and finally 35 + 7 = 42. Using repeated addition, children would arrive at 6 × 7 = 42. While 

effective, this strategy typically proves itself quite inefficient to children as the number of groups 

and/or the number of objects in each group increase. 

Multiplication Strategy 2: Skip counting 

 Continuing with the same example of 6 × 7, children keep track of every time they count 

a group of 7 by using a finger or a similar technique of maintaining the number of groups 

counted. Children modeling a skip counting strategy for multiplication would count 7, 14, 21, 28, 

35, and finally 42. This approach of solving multiplication problems does presuppose knowledge 

of the multiples of numbers ï 7 in this case. 

Multipl ication Strategy 3: Using known number facts 

 A modification of the previously mentioned strategies involves using number facts to 

solve multiplication problems such as 6 × 7. Children may approach 6 groups of 7 objects by 

thinking: 7 + 7 = 14; 14 + 14 = 28. So far, these children have accounted for 4 groups of 7 

objects; and what remains to be done is to add fourteen (two additional groups of 7) to their 

result to finalize this problem. Thus, the next step would involve 28 + 14 = 42. Such strategies 

using number facts can resemble doubling strategies ï often seen in children - with the number 

of groups of an object. 

Multiplication Strategy 4: Products with nine as one factor 

 Children who have become adept with multiplicative reasoning and possess a good 

conceptual understanding of whole number concepts and multiplication utilize this particular 

strategy in solving problems when nine is one of the factors. For instance, asked to solve the 
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problem 9 × 6, some children use multiplicative reasoning to state that 10 × 6 = 60. Next, they 

will reason that they have taken one too many groups of 6 since 9 is 1 less than 10. As a result, 

they will subtract 1 group of 6 from 60 to attain 54. In short, 9 × 6 = (10 × 6) ï (1 × 6) = 60 ï 6 = 

54. This example highlights how important it is for children to have a solid concept of ten as an 

iterable unit. This particular strategy illustrates a solid foundation of the notion of multiplication 

and naturally leads to the distributive property of multiplication over addition and subtraction.  

  According to Baek (1998), as childrenôs multiplicative reasoning develops through their 

educational experiences, they become more efficient with multiplication strategies as well as 

partitioning and compensation strategies. Furthermore, as Fuson (1990) pointed out 

ñunderstanding operations on multidigit numbers requires understanding how to compose and 

decompose multidigit numbers into these multiunits in order to carry out the various operationsò 

(p. 273). Here, multiunits refer to larger units that are made up of multiple smaller units. Aspects 

of decomposing a number in multiplication and incorporating partitive strategies lend themselves 

very well to childrenôs strategies in solving division problems. Next, a few of these division 

strategies will be discussed in greater detail. 

Division Strategy 1: Repeated subtraction 

 Similar to the way childrenôs strategies in subtraction followed their addition strategies, 

division strategies naturally arise out of multiplicative reasoning. When presented with a 

problem such as 42 ÷ 7, children use their understanding of multiplication to repeatedly subtract 

sets of 7 from 42 to exhaust the number 42. Specifically, a student may model their repeated 

subtraction strategy by reasoning 42 ï 7 = 35; 35 ï 7 = 28; 28 ï 7 = 21; 21 ï 7 = 14; 14 ï 7 = 7; 
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and finally get to 7 ï 7 = 0. Since they subtracted 7 six (6) times, they conclude that 42 ÷ 7 = 6. 

This method is analogous to childrenôs use of repeated addition as a multiplicative strategy. 

Division Strategy 2: Skip counting 

 Modeling skip counting for multiplication, keeping track of how many times one counts 

the group is another common strategy employed by elementary school children. Revisiting 42 ÷ 

7, children may use their fingers or tally marks to keep track of how many times they count sets 

of 7. Their thought process may proceed as 7, 14, 21, 28, 35, 42 ï therefore 6 would be their 

resulting answer. The intricate nature of multiplication and division is illustrated in this strategy 

as children can demonstrate proficiency and efficiency of one operation to aid in developing 

another operation ï namely, division.  

Division Strategy 3: Using known number facts 

 Some childrenôs ability to use number facts has been illustrated in solving multiplication 

problems. Similarly, children asked to solve the problem 42 ÷ 7 may begin to reason through a 

collection of number facts at their disposal. One way of reasoning about the solution to 42 ÷ 7 

using known number facts entails the following strategy by a fictitious child: ñ10 sevens would 

be 70. Since 42 is much less than 70, the answer has to be much less than 10. Trying 5 sevens 

that would be 35, so we need 1 more seven(s). The answer would be 5 plus 1 more, so 6. So,  

42 õ 7 would equal 6.ò In this manner, children solve division problems by using known number 

facts along with reasoning strategies.  

Division Strategy 4: Division with no regrouping  

 Presented with a scenario to reason in the context of story problems, children can 

combine their reasoning strategies and knowledge of number systems to perform division 
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without regrouping. Consider the example, ñNeeka wishes to make a book using the 54 stickers 

she owns. She plans to put exactly 3 stickers per page in this book. How many pages does she 

need for her book?ò The division problem 54 ÷ 3 can be done with no regrouping as illustrated 

through the following approach: 

 

Figure 5: Example Illustrating Division with No Regrouping 

 The strategy above can be described through the following fictitious dialogue: ñShe needs 

at least 10 pages since 10 pages would represent (10 × 3) thirty (30) stickers. She will not need 

20 pages since 20 pages would represent (20 × 3 = 60) sixty stickers which she does not have. 

After placing 30 of the stickers, she would have 24 stickers left; and 24 stickers would be 8 more 

pages since 8 × 3 = 24. Neeka will need (10 + 8) eighteen pages for her book.ò  

 By the time elementary school children get to division, some have the ability to reason 

using their conceptual understanding of numbers, place value as well as knowledge of addition, 

subtraction and multiplication strategies. In Adding It Up (National Research Council, 2001), 

procedural fluency has been defined as ñskills in carrying out procedures flexibly, accurately, 

efficiently and appropriatelyò (p. 5). Many researchers have argued that it can be very difficult to 

establish procedural fluency with multidigit multiplication and division without the culmination 

of the aforementioned understanding (Hiebert & Carpenter, 1992; Hiebert & Wearne, 1996).   



30 

 

Prospective Teacher Knowledge 

ñLike any complex task, effective mathematics teaching must be learned.  

Teachers need a special kind of knowledge. To teach mathematics well, 

they must themselves be proficient in mathematics, at a much deeper level 

than their students. They also must understand how students develop 

mathematical proficiency, and they must have a repertoire of teaching 

practices that can promote proficiency.ò  

(National Research Council, 2001, p.31) 

 

 Over the course of the past two decades, the plethora of research on teaching has been 

very clear on the importance of teacher knowledge and understanding of studentsô ways of 

thinking related to specific topics (Ball, 1988, 1991; Ball & Bass, 2000; Davis, Maher, & 

Noddings, 1990; Even, Tirosh, & Moskovitz, 1996). Several studies have suggested that 

teachersô knowledge of mathematics and students can greatly influence teachersô practice (Even, 

1993; Even & Tirosh, 1995; Hill, Rowan, & Ball, 2005; Stein, Baxter, & Leinhardt, 1990). Stein, 

Baxter, and Leinhardt (1990) suggest that the depth of a teacherôs knowledge may indeed 

influence the presentation of subject matter as well as whether the teacher lays the appropriate 

foundation for future learning. Furthermore, they contend that the teacherôs subject matter 

knowledge will allow him/her to make appropriate connections with other mathematical ideas.  

 In 1996, the National Commission on Teaching and Americaôs Future (1996) issued a 

report called What Matters Most: Teaching for Americaôs Future recommending specific steps 

towards the improvement of the schools in the United States. Ball, Bass, and Hill (2004) 

summarized this report: 
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ñWhat teachers know and can do is the most important influence on what 

students learn, the report argues that teachersô knowledge affects studentsô 

opportunities to learn and learning. Teachers must know the content 

thoroughly in order to be able to present it clearly, to make the ideas 

accessible to a wide variety of students, and to engage students in challenging 

work.ò  

 

 Historically, researchers tried to correlate the number of mathematics courses taken or 

scores on standardized tests as a proxy measure of teacher knowledge (Begle, 1979). However, 

as Carpenter, et al. (1998) describe, these measures do not account for some of the complexity 

inherent in the teaching of mathematics. In addition, these measures do not clearly describe the 

nature of the relationship between student learning and teacher knowledge. Due to the immense 

implications on teacher education and student achievement, more recent studies are beginning to 

shed a more clear light on teacher knowledge. Hill, Rowan, and Ball (2005) have done 

significant research in identifying elementary teachersô mathematical knowledge utilizing a 

researcher-constructed measure of mathematical knowledge for teaching and have found that it 

correlates with student achievement. Conner (2007) has discussed a correlation in the ability to 

facilitate classroom discussion in relation to the teacherôs subject matter knowledge. Shulman 

(1986) has famously stated that a teacher must ñnot only understand that [italics added] 

something is; the teacher must further understand why [italics added] it is soò (p. 9) These studies 

taken in unison suggest emphatically that a teacherôs subject matter knowledge does influence 

his/her practice including how and how much content is presented. In addition, the type of 

questions asked during class, the activities designed and selected in lesson planning as well as 

the ability to set the foundation for connections among mathematical ideas and representations 

all rely heavily on a teacherôs subject matter knowledge.    
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 In order to further explain teachersô knowledge and understanding, Carpenter et al. 

(1996) reported on a critical program called Cognitively Guided Instruction (CGI). This program 

focused on understanding of childrenôs thinking and assisted in providing teachers a better 

knowledge base for mathematics. CGI helped teachers formulate models of childrenôs thinking 

in very specific content domains including whole number operations, fractions, measurement, 

and geometry. They discovered that when in-service teachers participated in a CGI program, 

their beliefs and instruction saw noticeable changes. These changes ranged from the 

mathematical procedures including problem solving skills used with children in order to build on 

their own mathematical thoughts to the encouragement and enhancement of the communication 

of mathematical skills between teachers and students. The significant result of the CGI programs 

noted that changes in instruction will directly increase student achievement. The in-service 

teachers in these programs were able to extend their knowledge directly to their own classrooms 

and draw upon their own experiences to inform their teaching.  In programs such as CGI, 

increase in teachersô awareness - along with subsequent changes in instruction - have been 

shown to increase student achievement (Carpenter et al., 1996).  

Studies that show Prospective Teacher Prior Knowl edge     

 Even though NCTM has declared number sense a major theme of the Principles and 

Standards for School Mathematics (NCTM, 2000), studies on prospective teachers show a lack 

of understanding on various aspects of number. Next, this study explores some efforts that 

highlight the issues related to the content knowledge of prospective elementary teachers.   

 Zazkis and Khoury (1993) illustrated that some prospective elementary teachers failed to 

understand the foundational structure of our base-ten number system. They arrived at the 
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conclusion that these teachers ñdemonstrated insufficient understanding of the structure of our 

number systemò (p. 50). Specifically, they showed that 47 of the 59 students (80%) failed to 

incorporate the fact that in a multi-digit number as one moves from right to left, each digit is ten 

times the value of the previous digit. Subsequently, they suggested that ñfurther research in 

interview settings on similar tasks would enhance our understanding of the conceptual base of 

studentsô knowledgeò of number representation (p. 50). 

 Ross (2001) demonstrated that prospective elementary teachers failed to see number in 

terms of the appropriate unit types. She studied the understanding and perceived meanings of the 

digits in a two-digit number. In working with 85 prospective teachers in their first mathematics 

content course, she wished to inquire about their understanding of place value meaning. Using an 

arrangement of objects ï pennies in this case ï Ross provided a collection of 25 pennies and 

stated that they totaled 25 in all. She asked the prospective teachers questions regarding the 

meanings of the 2 and 5 in 25. Alarmingly, only 53% of the participants could identify that the 2 

in 25 illustrated 20. Since Sowder et al. (1998) illustrated that teachers tend to teach the topics 

that they feel comfortable teaching, what can be said of prospective elementary studentsô present 

and future hopes of engaging in meaningful instruction in the context of whole numbers and 

operations if they lack an understanding of place value concepts? 

 In regards to content knowledge, Ball (1988, 1989), Ma (1999), Menon (2004), and 

Thanheiser (2005, 2009) have clearly shown that some prospective elementary teachers are 

unable to explain algorithms and procedures with true meaning and are hence unable to 

understand alternative student perspectives. Prospective elementary teachers, in this sense, are 

different from children who learn whole number concepts and operations since these prospective 
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teachers already know that certain algorithms and procedures in fact work. In order to explicate 

how and why the algorithms work, prospective teachers need to have the content knowledge that 

allows them to explore these notions further and in greater detail.   

 Specifically, over the course of the past two decades, Ball and her colleagues have 

contributed a great deal to the existing research regarding prospective teacher knowledge. Ball 

(1991) has written about knowledge of mathematics as well as knowledge about mathematics. 

With respect to the former, knowledge of mathematics, she defines it as the understanding of 

particular topics, procedures, and concepts including the inter- and intra-relationships among 

them. As for knowledge about mathematics, her definition stipulates that this type of knowledge 

ñIncludes understanding about the nature of mathematical knowledge 

and activity: what is entailed in doing mathematics and how truth is 

established in the domain. What counts as a solution in mathematics? 

How are solutions justified and conjectures disproved? é 

Knowledge about mathematics entails understanding the role of 

mathematical tools and accepted knowledge in pursuit of new ideas, 

generalizations, and procedures.ò  

(Ball, 1991, p. 7) 

 

 To see how the knowledge of and about mathematics impacts prospective teachersô 

content knowledge, Ball (1988) asked a group of prospective teachers what they noticed about a 

studentôs incorrect procedure for whole number multiplication. Displaying operational 

knowledge of multiplication, these prospective teachers noticed the mistakes made by the 

student. Ball reported that only 5 of the 19 prospective teachers could speak explicitly regarding 

ñplace value and numeration that underlie the multiplication algorithm. The others gave answers 

that were ambiguous or focused exclusively on the procedureò(p. 51). In another instance during 

the same research, when asked to evaluate a 2
nd

 graderôs solution to a subtraction problem 
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involving regrouping, all 19 prospective teachers commented on the importance of the places of 

the digits and the language of tens and ones. Ball discovered that even though the prospective 

teachers could perform and identify the computations, they were not able to fully explain the 

foundational concepts involved in whole number operations. She summarized her findings by 

stating that the analysis of prospective teachersô knowledge ñhighlights the dangers of assuming 

that they have explicit and connected understandings of basic mathematical ideas [such as 

number], even when they are able to operate with themò (p. 59). These alarming results are 

indicative of the point made by Shulman (1986) regarding teachers needing to know not only 

whether something is, but also why it is so. 

 In extending the work of Ball (1988) and Cobb (1988, 1995, 1997) related to the 

meanings and conceptual understanding required to fully comprehend elementary mathematics, 

Ma (1999) examined the procedural understanding of teachers in the United States and China. As 

stated earlier, whole number concepts and operations form the foundational understanding in 

elementary grades which are vital to further development of fractions and geometry topics and 

eventually to algebraic notions. In comparing the teachers in China with their counterparts in the 

United States, Ma discovered that the Chinese teachers had more conceptual understanding and 

less of a propensity towards a strictly procedural explanation of whole number operations.  She 

found that only 14% of the teachers studied in China would be classified as procedurally 

oriented, whereas the primary focus of most U.S. teachers was to teach mastery of the algorithms 

involved in whole number operations (Ma, 1999). It is noteworthy that Ma even noticed a 

difference in the language used in mathematics classrooms. Chinese teachers for the most part 

used the word decompose instead of the word borrow in the context of subtraction. For instance, 
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Ma mentions that ñWith the concept of ódecomposing 1 ten into 10 onesô, the conceptually 

directed Chinese teachers had actually explained both the ótakingô and the óchangingô steps in the 

algorithm. However, many of them further discussed the óchangingô steps in the procedureò (p. 

10). In the concluding section of her book, Knowing and Teaching Elementary Mathematics, Ma 

reiterates the significance of teachersô subject matter knowledge: ñThe quality of teacher subject 

matter knowledge directly affects student learning-and it can be immediately addressed.ò(p. 144)      

 Menon (2004) continues the discussion on knowledge that prospective teachers often 

lack. He conducted a study on prospective teachers during their mathematics methods course 

following the mandatory mathematics content course. His findings included prospective teachers 

relying very heavily on algorithms and simultaneously being unable to use efficient strategies to 

approach whole number problems. For instance, when presented with the addition problem  

45 + 32 = 77, and then asked to compute a different- albeit related - problem 46 + 32 = ?, the 

prospective teachers failed to use the relationship between the two problems and simply 

performed the calculation to attain the answer (Menon, 2004). Since prospective teachers are 

expected to develop appropriate and efficient strategies in elementary school children, how can 

they do so when they are unable to demonstrate that skill themselves? Menon wrote ñif these 

future K-8 mathematics teachers seem to rely on learned procedures, without the profound 

understanding of fundamental mathematics suggested by Ma (1999), as shown by some of their 

explanations to the number sense test items, how well equipped will they be to teach 

conceptually?ò (p. 57). 

 Thanheiser (2005) developed a framework for analyzing prospective elementary 

teachersô conceptions about multi-digit whole numbers. Through her research and framework, 
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building on the work of Kamii (1994) and Fuson et.al (1997), she described prospective teachers 

as falling into 4 different, broad conceptions in relation to multi-digit whole numbers. In 

decreasing orders of sophistication, she identified prospective teachers as having a Reference-

Units conception, Groups-of-Ones conception, Concatenated-Digits Plus conception, or 

Concatenated-Digits conception (Thanheiser, 2005). Thanheiser discovered that prospective 

elementary teachers ñwho held either a reference-units or a groups-of-ones conception in the 

context of the standard algorithms were generally able to give correct answers in the additional 

contextsò, while those prospective teachers who held ñeither a concatenated-digits-plus or a 

concatenated-digits-only conception in the context of the standard algorithms were less likely to 

give correct answers across the additional contexts.ò (p. 172) Similar to previous works cited, 

this research indicates some distinctions between prospective teachersô levels of understanding 

and the need for future research in this area. 

 In this section, this study noted the significance of prospective teachersô content 

knowledge and the need for ñprofound understandingò as referred to by Ma and others. In the 

next section, this study connects the content knowledge of prospective teachers with the role that 

teacher education programs play in effectively preparing prospective elementary teachers to 

teach whole number concepts and operations.  

 

Development of Prospective Teacher Knowledge  

 Despite the crucial role that teacher content knowledge plays in teaching, ñthe subject 

matter knowledge of prospective teachers rarely figures prominently in preparing teachersò. 

(Ball, 1988, p. 42) Often times, new teachers enter the classroom lacking confidence in their 
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content knowledge of the mathematics they will be teaching. Ball (1993) stated ñwe need to 

know more about these learners and develop strategies for working with what they bring with 

them (p. 40). According to the National Math Panel Report (2001), as a part of their teacher 

preparation, teachers must be given ample opportunities to learn mathematics for teaching and 

know in detail and from a more advanced perspective the mathematical content they will teach.  

 Tirosh (2000) stated that ña major goal in teacher education programs should be to 

promote development of prospective teachersô knowledge of common ways children think about 

the mathematics topics the teacher will learnò (p. 5). As illustrated earlier in the discussion 

regarding Cognitively Guided Instruction (Carpenter et al., 1996), these programs provide 

teachers with opportunities to consider what their future students know and the manner in which 

to approach solutions to problems. Teacher preparation programs should adequately provide 

instances when the prospective teacher has the opportunity to examine common misconceptions 

in order to challenge studentsô thinking (Ashlock, 2002). Furthermore, teacher education should 

consistently provide avenues for future teachers to engage in more advanced discussions 

regarding what they themselves know and additional knowledge about elementary studentsô 

conceptions. (Bransford, Brown & Cocking, 1999)  

 Even and Tirosh (1995) contend that prospective teachers need knowledge about 

studentsô conceptions of the mathematics they are learning. If prospective teachers do not gain 

this knowledge during their teacher preparation programs, how can they be expected to be 

adequately prepared once they start their teaching career? Specifically, they mention that a 

teacherôs decision regarding student responses ï correct or incorrect ï relies on the teacherôs 

adequate preparation including his/her content knowledge. During teacher preparation, teachers 
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should have the chance to ñtake account of common studentsô conceptions and ways of thinking 

related to specific mathematical topics (óknowing thatô). S/he should be able to understand the 

reasoning behind studentsô conceptions and anticipate sources for common mistakes (óknowing 

whyô)ò (Even & Tirosh, 1995, p. 13). 

 In fact, in order to keep pace with the recommendations of the National Council of 

Teachers of Mathematics, prospective elementary teachers need to be prepared properly to 

engage in rich, meaningful discussions regarding topics such as whole number concepts and 

operations. Research supports that prospective teachers must be taught in the same manner in 

which they will one day be teaching (Cuban, 1993; Lortie, 1975). As a part of teaching, teachers 

need to create some cognitive dissonance in order ñto promote disequilibrium so the students 

would reconsider the issueò (Simon, 1995, p. 129). Therefore, teacher educators must engage 

prospective teachers in precisely such opportunities during their preparation programs. 

According to Lerman (2000, 2001), learning is achieved through cognitive conflict, which can be 

brought about in situations that prospective teachers will encounter. A significant aspect of 

teacher preparation should allow prospective teacher to develop ña new ear, one that is attuned to 

the mathematical ideas of oneôs own studentsò (Schifter, 1998, p. 79). As Andreasen (2006) 

mentioned - specifically in the domain of whole number concepts and operations ï teacher 

preparation programs can aid future teachers to begin their careers with a foundation relying on 

content knowledge and fostering pedagogical considerations. 

 In this section, this study focused on prospective teacher preparation in order to highlight 

the significance of teacher experiences in manners that will promote deeper understanding and 
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ultimately lead to higher student comprehension and achievement. In the following sections, this 

study further examines the path that learners will embark upon to achieve this realization.  

Hypothetical Learning Trajectory  

 As a researcher, one envisions a path to build on studentsô notions in order to support the 

construction of their reasoning along the instructional sequence. Simon (1995) analyzed his own 

role as a teacher and researcher as he was attempting to influence his studentsô progression of 

mathematical concepts. This notion, first referred to as a hypothetical learning trajectory (HLT) 

by Simon, tries to imagine how students will engage in the activities and anticipates their lines of 

argumentation in the activities as this discourse occurs within the classroom dynamic. In 

describing this process, Simon proclaims: ñThe consideration of the learning goal, the learning 

activities, and the thinking and learning in which the students might engage make up the 

hypothetical learning trajectoryéò (p. 133). 

 Even though several aspects and/or interpretations of the HLT exist in the literature 

(Gravemeijer et.al, 2003; Simon, 1995; Simon & Tzur, 2004) most experts agree that an HLT 

consists of the following three components: (1) the desired learning goals of instruction, (2) the 

instructional sequence of tasks that will be undertaken in order to support the learning goals and 

(3) The progression of studentsô development as they journey through the designed instructional 

sequence. At the outset, the HLT provides a framework for the instructional tasks with stated 

expectations that the researcher imagines the class to embark upon during the course of 

instruction. 

 At this point, it is worth noting that the hypothetical learning trajectory is in fact vastly 

different from a lesson plan. According to Gravemeijer et al. (2003) the distinguishing 
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characteristics of the HLT juxtaposed with a traditional lesson plan include the following 

aspects: (1) a learning trajectory possesses a socially situated nature in that it proposes the 

anticipated path of a particular group in a specific social context, (2) instead of a single-shot 

approach to a traditional lesson plan, the HLT entails an iterative cycle of planning. That is the 

HLT will be revisited and the hypothetical will be revised in order to arrive at an actualized 

learning trajectory, (3) primary focus of the HLT is on the mathematical construction of the 

students not the content covered, and (4) the HLT presents an opportunity for the teacher to 

develop a grounded theory to explain the manner in which the instructional tasks interplay in a 

given social environment (Cobb, 2002; Simon, 1995; Simon & Tzur, 2004). In fact, teachers may 

choose to adapt all or specific parts of the instructional sequence to fit their own classroom goals 

based on the HLT. A cyclical process thus begins with the constant revision and modification of 

the HLT and the instructional sequence throughout the course of the experiment in order to 

arrive at the actualized learning trajectory (Simon & Tzur, 1995). 

 The specific aspects of the HLT regarding this study of prospective teachersô conceptual 

understanding of whole number concepts and operations are described in detail during the third 

chapter on methodology. At that point, the significance of the HLT is discussed including the 

specific sequencing of the instructional activities in order to bring about the desired learning 

goals.   
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CHAPTER 3: METHODO LOGY 

 

 The primary purpose of this study was to examine the conceptual understanding of whole 

number concepts and operations of individual prospective elementary school teachers within the 

collective classroom setting. Specifically, this study intended to explore the following research 

question:  

ü In what way does the conceptual understanding of individual prospective teachers 

develop during an instructional unit on whole number concepts and operations situated in 

base-8? 

In this chapter, this study will specify the precise procedures used during this case study analysis 

in order to address the aforementioned research question. The chapter consists of the following 

sections: (1) research design, (2) research setting, (3) selection of participants, (4) data collection 

procedures, (5) data analysis procedures, (6) trustworthiness, and (7) selection of individual 

cases.  
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Research Design 

 

Overview and Justification of Research Design 

 This research was designed as a collective case study as described by Merriam (1998) in 

order to contribute to the understanding of how individual prospective elementary school 

teachers develop an understanding of whole number concepts and operations within a collective 

classroom setting (Denzin, 2000; Stake, 2006). According to Merriam (1998), ñcase study design 

is employed to gain an in-depth understanding of the situation and meaning for those involvedò 

(p. 19). Yin (2003) contends that case studies provide ñan empirical inquiry that investigates a 

contemporary phenomenon within its real life context, especially when the boundaries between 

phenomenon and context are not clearly evidentò (p. 13). In particular, case studies are deemed 

appropriate when the research wishes to focus on understanding individual participants within a 

complex, real-life social context such as a constructivist classroom (Merriam, 1998; Stake, 2006, 

Yin, 1994, 2003).  

 A qualitative research design methodology was employed in order to illuminate an 

individualôs thinking as it developed along, contributed to, and interacted with the classroom 

mathematical practices that evolved within the social nature of the class. ñQualitative research is 

an inquiry process of understandingò (Creswell, 1998, p. 15) and this design was selected in the 

natural setting of a classroom focused on conceptual understanding as a means to gain valuable 

insight into the understanding of the participants. Case studies such as the task undertaken during 

this research project enable researchers to follow and document studentsô thinking and 

demonstrate the manner in which they make sense of mathematics. Romberg and Carpenter 
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(1986) emphasized the need for case study research by stating ñThe kind of teaching study that 

needs to be done would bring together both notions about the classroom, the teacher, and the 

studentôs role in that environment, and how individuals construct knowledgeé.Dynamic models 

are needed that capture the way meaning is constructed in classroom settings on specific 

mathematical tasksò (pp. 868-869). 

 Following the works of Cobb and his colleagues, this qualitative analysis examined 

individual prospective teachers as they developed conceptual understanding of whole numbers 

and operations using an instructional sequence taught entirely in a base-8 setting. Previous and 

ongoing research efforts have documented and continue to develop the collective aspects of 

prospective elementary teachersô understanding within the social context (Andreasen, 2006; Roy, 

2008; Tobias, 2009; Wheeldon, 2008). However, as Stephan et al. (2003) point out, ñThe 

mathematical practice analysis and complementary case studies serve a more complete picture of 

the learningò (p. 68) and indeed there is a need for additional elaboration using case studies to 

further describe prospective teachersô understanding. The collective research analysis has 

focused on the development of the social norms and the development of the classroom 

mathematics practices (Andreasen, 2006; Dixon, Andreasen & Stephan, in press; Roy, 2008; 

Tobias, 2009; Wheeldon, 2008). At this point, the individual perspective related to the 

mathematical conceptions and activities of prospective teachers needed to be analyzed in order 

to better grasp the development and contribution of the psychological aspects of the emergent 

perspective (Cobb, 2002). This research project focused on the way prospective teachers 

interacted within the social dynamic and used the emergent perspective as a lens to explore the 

way ñ(1) studentsô learning occurred as they participated in these emerging practices, and (2) the 
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mathematical practices emerged as students, often the target students, contributed to themò 

(Stephan, Bowers & Cobb, 2003, p. 99). 

 The current research study focused on a collective case study on a single class of 

prospective elementary teachers, but as Yin (1994) asserts ñEven a single-case study can often be 

used to pursue an explanatory, and not merely exploratory (or descriptive), purposeò (p. 5). 

Collective case studies can elaborate on the intricate aspects of the complexities of a 

phenomenon of interest. This case study design was deemed appropriate since the aspects of 

explanation and justification ï the how and the why inquiriesï of prospective teachersô 

understanding of whole number concepts and operations were central to this study and ought not 

be separated from their context within the study (Yin, 2003). Through the selection of multiple 

cases, this collective case study intended to increase the applicability of the findings (Merriam, 

1998; Yin, 2003) as well as to provide the desired breadth in illustrating the ways in which 

prospective teachers with different content knowledge developed their conceptual understanding.  

Research Setting 

Participants 

 The research study took place at a major public, urban university in the southeastern 

United States. The research participants were primarily prospective elementary teachers or 

prospective teachers of exceptional education. All 32 participants were female students and were 

classified with at least sophomore standing. In particular, this mathematics content course was 

comprised of 18 sophomores, 8 juniors and 6 seniors. The universityôs Institutional Review 

Board (IRB) approved all aspects of this study (See Appendix A). Also, every student who 

participated in the study agreed and signed an informed consent letter (See Appendix B).  
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  This study was conducted during the spring semester of 2007 in a four credit hour 

semester-long undergraduate elementary mathematics content course. This particular course 

served as the prerequisite to the mathematics method course that the elementary education 

undergraduate students took prior to their first internship. The exceptional education majors took 

this mathematics content course as their only required mathematics education class in their 

program. During the spring term of 2007, this course convened twice per week and each class 

session was scheduled to last 110 minutes. The prospective teachers began the course discussing 

problem solving activities for two class sessions and the whole number concepts and operations 

instructional sequence was conducted over a 10-session period.  

 These prospective teachers participated in classroom discussions using a problem-based 

curriculum that required prospective teachers to work on mathematical problems first 

individually or in small groups. Following the initial exploration of the problems at the 

individual or small group level, the prospective teachers took part in whole-class discussions. In 

order to facilitate small group interaction and discussion, prospective teachers were situated in 

tables of at least four and no more than six participants per table. The specific individuals who 

were selected for case study analysis are discussed in much greater detail in the section labeled 

selection of participants. 

Research Team 

 The research team for this classroom teaching experiment consisted of eight members. 

These eight members included the course instructor, a mathematics education faculty member, 

and six mathematics education doctoral students. The course instructor was an associate 

professor in mathematics education with significant background in teaching constructively and 
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had taught this particular content course on multiple occasions at the same university prior to this 

research project. The mathematics education faculty member was a visiting assistant professor 

with background in design research and particular insight into the research on whole number 

concepts and operations as a result of her own dissertation research. Among the six doctoral 

students, three included individuals who were particularly informed with the research literature 

and topics involved in this project as this research provided data for their own dissertation 

projects. Research team members played an essential part in observing each class session as well 

as reflecting individually and collectively during weekly research meetings.  

Hypothetical Learning Trajectory (HLT)  

 According to the works of Simon (1993, 1995), the hypothetical learning trajectory 

(HLT) will serve as ñthe teacherôs prediction as to the path by which learning might proceedò 

(Simon, 1995, p. 35). Even though previous research and familiarity with research participants 

can illuminate the expected path, the actual trajectory or path is nearly impossible to anticipate 

completely in advance. Every classroom community maintains its own identity and each 

individual possesses her own unique learning style given the context. Andreasen (2006) paved 

the way for the anticipated learning trajectory in the collective setting as it predicts the main 

ideas involved in prospective teachersô progression towards proficiency with whole number 

concepts and operations. 

 As with previous studies (Andreasen, 2006; McClain, 2003; Roy 2008; Tobias, 2009; 

Wheeldon, 2008), this research effort used childrenôs progression to guide prospective teachersô 

development of whole number concepts and operations due in large part to the limitation of 

research with prospective elementary teachersô development in this context. In the past, 
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classroom instruction initiated with learning goals of counting, unitizing and the ability to 

decompose and compose numbers in a flexible fashion. The development of these learning goals 

contributed to the synthesis of meaning and approaches in computational fluency with addition, 

subtraction, multiplication and division. This current research initially utilized the HLT ï 

provided in Table 3 ï in accordance with the findings of Andreasen (2006). Note the manner in 

which for each phase of the instructional sequence, the learning goals were clearly defined 

followed by the tasks and tools used to support instruction. 

Table 3: Initial Hypothetical Learning Trajectory, Andreasen (2006) 

 

 

As defined by Andreasen (2006), the hypothetical learning trajectory included three phases 

initiating with the learning goal of counting and unitizing in phase one, flexible representation of 

numbers in phase two and concluding with operational fluency in the third and final phase.  
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 The learning trajectory used was considered hypothetical since the instructional sequence 

was revised upon documenting and analyzing the way the class progressed through the content 

discussed. While the previous HLT by Andreasen (2006) informed the instructional sequence of 

this research study, the actualized learning trajectory was finalized by Roy (2008) including all 

phases, learning goals and supporting tasks and tools of instruction. Note the three phases in the 

actualized learning trajectory of this research project ï illustrated in Table 4 ï and the supporting 

tasks and tools involved in the instructional sequence.  

Table 4: Actualized Learning Trajectory, Roy (2008) 

 

Phase one focused on the learning goal of counting, phase twoôs learning goal involved unitizing 

and flexibly representing numbers and the third phase was concerned with the invented 

computational strategies of the prospective teachers as they progressed through the instructional 
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sequence on whole number concepts and operations taught entirely in base-8.Instructional 

Sequence. 

 This research study relied heavily on previous research efforts on prospective teachersô 

development of whole number concepts and operations as described in the literature review 

section. The hypothetical learning trajectory predicted the anticipated path along which the 

participants would progress. At this juncture, findings of previous research efforts on this target 

audience regarding their experiences with whole number notions will be presented. While 

knowledge of childrenôs learning and understanding of whole number concepts and operations 

proved quite valuable, prospective teachers presented a different challenge than children. 

Prospective teachers in education programs have had a lifetime of learning prior to entering the 

classroom. Hence, they could not be expected to simply forgo their previous notions familiar to 

them regarding whole number concepts and operations. Hopkins and Cady (2007) insisted that 

prospective teachersô learning of whole number concepts and operations may be masked by their 

familiarity with base-10. How could a realistic situation be provided as a setting for prospective 

teachers to examine their understanding of these notions without the familiarity getting in the 

way of exploration?  

 Gravemeijer (2004) discussed the notion of Realistic Mathematics Education (RME) by 

situating students in a realistic environment in order for the ñreinventionò of the concepts to 

occur in a similar setting to where the notion was developed. The course used for this research 

project was designed in accordance with the notions of RME at the Freudenthal Institute in the 

Netherlands (Freudenthal, 1993). The guidelines in place pertained to three principles consisting 

of guided reinvention, didactical phenomenology, and emergent models (Gravemeijer, 2004). 
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Briefly, guided reinvention placed prospective teachers in a context that had to make realistic 

mathematical sense to them in order to examine and reinvent the mathematics for themselves. 

Didactical phenomenology refers to the instructional activities and the precise content and 

sequence in which they will be discussed with the prospective teachers. Finally, emergent 

models deal with the examination and potential evolution of models utilized by prospective 

teachers over time. 

 Following the recommendations of RME, all instruction during the course of this study 

occurred in base-8 which provided a realistic setting and yet allowed for perspective teachers to 

ñreinventò their notions of whole number concepts and operations. Dealing with a different base 

system undoubtedly caused initial discomfort and lack of familiarity which ultimately allowed 

for deep exploration of an adult-learnerôs long held perceptions regarding the research topic. Hart 

(2004) in working with undergraduate students stipulated that novice learners ï as prospective 

teachers would be in a base-8 setting ï must go through an unstable transition time in order to 

become expert in a setting. In addition, research has long shown that optimal learning takes place 

on occasions when students are asked to defend their ideas and make sense of the mathematics 

they are learning (Ball, 1991, 1993; Tall, 1992). As prospective teachers progressed through this 

instructional sequence taught entirely in base-8, they experienced some cognitive dissonance and 

benefited from making their own conjectures. They discussed and reflected on their own 

manifestations of whole number notions and operations and were asked to examine differing 

opinions during the course of instruction (Cobb, 1999, 2002; Cobb & Wheatley, 1988; Cobb, et 

al., 2001; Schoenfeld, 2002; Sfard & Kieran, 2001). 
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 Consistent with the notions of RME, this instructional sequence was placed in the context 

of the ñCandy Shopò (Bowers, 1996; Bowers, Cobb & McClain, 1999). In investigating 

childrenôs development of whole number concepts and operations in the òCandy Shopò setting, 

Bowers and colleagues discovered that children improved their understanding of place value 

notions and number concepts,and enhanced their notions of algorithms. Children in these studies 

gradually built on place value concepts by composing and decomposing numbers as well as the 

exploration of addition and subtraction strategies in and out of the context of the ñCandy Shopò 

(Bowers, 1996; McClain, 2003).  

 In order to guide prospective teachers towards the stated goals of this research study, the 

HLT provided the foundation for the prospective teachers to interact with their content 

knowledge of whole number concepts and operations. The HLT which guided our instructional 

sequence was comprised of three phases. During the initial phase of the instructional sequence, 

the activities emphasized counting and unitizing. Phase two required prospective teachers to 

represent numbers flexibly by composing, decomposing and sometimes even re-composing 

numbers. Phase three in this instructional sequence emphasized fluency with whole number 

procedures and operations as well as the development and examination of accurate and efficient 

algorithms for the addition, subtraction, multiplication and division of whole numbers.  

Instructional Tasks 

 As we discussed in the previous section, the instructional sequence was designed and 

implemented entirely in base-8. The instructional tasks included a variety of problems and 

scenarios in order to provide prospective teachers the opportunity to explore their understanding 

of whole number concepts and operations ï See Appendix C. In order to distinguish between 
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nomenclatures of numbers in base-8, particularly due to the familiarity of number names in base 

10, a specific convention was adopted during the course of instruction. As the numerals 0, 1, 2, 

3, 4, 5, 6, 7 comprise the digits in ñEight Worldò, the next number in the sequence was referred 

to as 10 (Read, one-ee-zero). For instance, the number following 10 would be 11 (one-ee-one) 

and the next number after 17 (one-ee-seven) would be 20 (two-ee-zero). Table 5 provided below 

illustrates the progression of numbers in base-8. Another significant number name that arose in 

the classroom discussions included the number that would follow 77 (seven-ee-seven) in the 

sequence. Eventually after a rich conversation that foreshadowed the discussion on place value, 

this number was written as 100 and referred to as one-hundree.   

Table 5: Base-8 Numbers Chart 

0 1 2 3 4 5 6 7 

10 11 12 13 14 15 16 17 

20 21 22 23 24 25 26 27 

30 31 32 33 34 35 36 37 

40 41 42 43 44 45 46 47 

50 51 52 53 54 55 56 57 

60 61 62 63 64 65 66 67 

70 71 72 73 74 75 76 77 

  

 As the prospective teachers progressed through the instructional sequence, they were 

asked to skip count forwards and backwards by specific numbers. For instance, the course 

instructor would ask the prospective teachers to begin on the number 5 and skip count by 2ôs. 
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Not only did prospective teachers realistically gain practice in mentally counting numbers, but 

they also encountered benchmark numbers in the sequence of base-8 numbers. Purposefully, the 

course instructor would lead discussions to arrive at anticipated numbers such as the number that 

would follow seven or seven-ee-seven.  

 For the first few class sessions of this instructional sequence, in the beginning of each 

meeting, the instructor would acclimate prospective teachers with base-8 by asking them to skip 

count. The next instructional task introduced incorporated the pedagogical content tool called 

ñDouble 10-framesò. By asking prospective teachers to think in terms of base-8 using the Double 

10-frames, the instructor explored the manner in which the prospective teachers would combine 

numbers mentally. Figure 6 below illustrated an example involving 2 and 6 dots on the Double 

10-frames. Next, prospective teachers were asked to mentally combine the total number of dots 

represented on the Double 10-frames and describe how they arrived at their answer. 

 

  

 

  

  
 

  

  
 

 
 

  
 

 
 

 

Figure 6: Double 10-Frames Representing 2 and 6 for a Total of 10. 

  Using the overhead projector, the instructor displayed combinations of dots on the 

Double 10-frames, but only allowed approximately 2-3 seconds before asking ñHow many dots 



55 

 

did you see?ò These questions allowed prospective teachers to think in terms of base-8 

efficiently and at the same time led to class discussions which illustrated the unique, creative 

ways that different prospective teachers would combine numbers mentally.  

 Consistent with Realistic Mathematics Educationôs third principle of emergent modeling, 

teachers often use graphs, diagrams or notations to record studentsô thinking. Pedagogical 

content tools represent devices used to record and eventually connect studentsô thinking as they 

explore the mathematics at hand. According to Gravemeijer (2004), as students model their 

informal activities, ñThe aim is that the model with which the students model their own informal 

activity gradually develops into a model for more formal mathematical reasoningò (p. 117). 

During this research study, the instructor employed a pedagogical content tool classified as a 

transformational record. Such diagrams or graphical representations are considered 

transformational since they initially reflect studentsô thinking with the hope that eventually 

students use them to answer new problems (Rasmussen & Marrongelle, 2006). 

 In order to record prospective teachersô responses, the instructor for this research study 

introduced a transformational record called an open number line. This transformational record 

served multiple purposes including (1) documenting prospective teachersô thinking, and (2) 

providing prospective teachers a tool to be utilized in representing and solving further problems. 

The open number line depicted a blank number line without any particular numbers initially 

marked. Upon analysis of prospective teachersô use of the open number line as a 

transformational record in this particular research study, Roy (2008) indicated, ñthe numbers are 

not placed on the line in predetermined locations but are added to the line to represent the 

mathematical moves in the given solution to the particular problemò (p. 98).  
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 The instructorôs use of the open number line became more evident as prospective 

teachers next encountered addition and subtraction problems in the context of the candy shop. 

The instructor modeled the open number line by illustrating the scenario, ñThere are 30 candies 

in the candy shop. I make 13 more candies. How many candies are there now?ò In Figure 7, note 

the way the instructor recorded the mathematical moves through the use of the open number line.  

 

Figure 7: Instructorôs Use of the Open Number Line to Record Studentsô Thinking 

 The open number line served two purposes in that it allowed for the accurate depiction of 

the mathematical moves of adding one-ee-zero first, followed by adding two and then one candy 

to arrive at the total four-ee-three candies. It must be stated that the jumps indicated are not 

proportional. Note that this system of documenting prospective teachersô thought processes 

would be modified in its role as a pedagogical content tool as it lent itself to solving future 

addition and subtraction problems. 

 As the instructional sequence moved from addition and subtraction towards dealing with 

multiplication, prospective teachers were also presented pictorially with boxes, rolls, and pieces 

of candy within the candy shop scenario. In this scenario, boxes contained 100 (one-hundree) 

pieces, and rolls contained 10 (one-ee-zero) individual pieces of candy. Figure 8 illustrates the 

images that the prospective teachers used during the course of the instructional sequence. 
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Figure 8: Boxes, Rolls, and Pieces as Used in the Candy Shop 

The prospective teachers also used their own sketches of the boxes, rolls and pieces to illustrate 

their thinking throughout the course of the instructional sequence. As a box contained 10 rolls 

and a roll contained 10 pieces, this multiplicative relationship allowed for prospective teachers to 

begin unitizing (Cobb & Wheatley, 1988). Thus far in the first two phases of the instructional 

sequence, prospective teachers used various instructional tasks towards the learning goals of 

counting and unitizing.  

 Also in the second phase of the instructional sequence, one of the intended focuses 

revolved around the accomplishment of the learning goal of decomposing and composing 

numbers. As prospective teachers began to use boxes, rolls, and pieces to ñput-togetherò and 

ñbreak-openò packages as they deemed appropriate, the need for a more efficient method to 

record the amounts emerged. The instructor introduced the second transformational record ï 

open number line being the fi rst ï called an Inventory Form. Note in Figure 9, the way that the 

Inventory Form purposefully has separated the number of boxes, rolls, and pieces. 

Boxes Rolls Pieces 

2 3 1 

 

Figure 9: Inventory Form Illustrating 231 Candies 
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 Up until this part of the instructional sequence, the prospective teachers explored 

counting, unitizing as well as the composition and decomposition of numbers in the context of 

the candy shop. During the third and final phase of the HLT, the candy shop provided the setting 

for students to engage in meaningful ways to ñre-inventò whole number operations. The 

instructor once again used images of boxes, rolls and pieces ï illustrated in Figure 8 earlier - in 

order to show combinations of boxes, rolls, and pieces on the overhead projector. Next, she 

asked the prospective teachers to give the total given the two configurations, or given the total 

amount of candies to provide the missing amount of candy. Such tasks required the prospective 

teachers to efficiently compute addition and subtraction problems in the absence of preconceived 

algorithms. These tasks along with subsequent ones, allowed prospective teachers to examine 

ways of performing whole number operations in and out of the context of the candy shop. 

 Towards the end of the third phase, tasks were provided to encourage multiplication ideas 

in the context of the candy shop through the use of a broken machine. In this scenario, instead of 

10 representing the number of objects packaged together, the broken machine would place 

different amounts such as 7 sticks of gum in a pack. In this instance, prospective teachers had the 

opportunity to reason and use their knowledge of unitizing and addition to construct their own 

notions of multiplication. In the various problems provided, the broken machine placed different 

numbers of sticks of gum in a pack ï for instance 6, 17, 16, and 22 - in order to foster 

multiplication strategies.  

 The broken machine was followed by the ñEgg Carton Scenarioò in the instructional 

sequence. This instructional task presented prospective teachers with egg cartons in various 

dimensions. The prospective teachers were provided the following multiplication scenario: ñA 



59 

 

marketing team has created three new prototypes for an egg carton. How many eggs would fit in 

an (a) 5 by 6 (b) 6 by 12 (c) 3 by 16 egg carton? Explain and justify.ò This multiplication 

scenario was utilized to support computational strategies using algorithms and visual reasoning. 

  Finally, the instructional sequence concluded with story problems that fostered 

prospective teachersô development of algorithms in accurate, flexible and efficient manners. In 

summary, the various instructional tasks provided throughout the three phases of the 

instructional sequence provided the opportunity to re-invent whole number concepts and 

operations in base-8 while developing a deeper understanding in a realistic setting.    

Interpretive  Framework 

 This research effort was designed as a collective case study in which prospective 

elementary teachers developed their understanding of whole number concepts and operations in 

the social context of a classroom community. This qualitative research documented the 

development of individual prospective teachers in an undergraduate mathematics content course 

through the examination of their mathematical conceptions and activities. Student learning was 

explored using the ñemergent perspectiveò as individuals interacted with their peers through 

classroom discussions (Cobb, 2000; Cobb & Yackel, 1996; Yackel, & Cobb, 1996). The 

emergent perspective served as a theory of learning that incorporated both the social and 

individual dimensions without either taking primacy over the other (Cobb & Yackel, 1996).  

 Perhaps the single most important aspect of this theory resides in its reflexive nature.  

The social and psychological perspectives are interrelated and ñthe existence of one depends on 

the existence of the otherò (Stephan, 2003, p. 28). According to Cobb (2000) ñA basic 

assumption of the emergent perspective iséthat neither individual prospective teachersô 
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activities nor classroom mathematical practices can be accounted for adequately except in 

relation to the otherò (p. 310). Cobb and Yackel (1996) provided the interpretive framework - 

emphasizing the emergent perspective. In Table 6, note the social and psychological perspectives 

and in particular the mathematical conceptions and activity in the psychological perspective.  

Table 6: Interpretive Framework (Cobb & Yackel, 1996) 

Social Perspective Psychological Perspective 

Social Norms Beliefs about one's role, other's role, and 

general nature of mathematical activity in 

school 

Sociomathematical Norms Mathematical beliefs and values 

Classroom Practices Mathematical conceptions and activity 

  

 In recent years, as more research projects have implemented the emergent perspective, 

the social aspects of this framework have been highlighted in the context of prospective 

elementary teachers (Andreasen, 2006; Roy, 2008; Tobias, 2009; Wheeldon, 2008). Further 

examination of the psychological perspective would provide a much more comprehensive picture 

of prospective teachersô understanding of whole number concepts and operations. While 

mathematical beliefs and beliefs regarding roles constitute an important part of the interpretive 

framework, this current research project intended to highlight the psychological perspective by 

focusing on the mathematical conceptions and activity of individual prospective teachers as they 

interact with the social correlate of classroom mathematics practices.  

 As such, both the social aspects of learning as well as the concurrent individual 

component must be considered and discussed simultaneously. Stephan (2003) elaborated on the 

interrelation of the social and psychological perspectives by stating ñthe existence of one 

depends on the existence of the otherò (p. 28). Yackel and colleagues (Yackel & Cobb, 1996) 
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maintain that individual studentôs mathematical activity and the classroom micro-culture are 

related in a reflexive fashion. The interpretive framework - illustrated earlier in Table 6 -

concisely related the role and interrelation of the social and individual components.  

 According to Cobb and Yackel (1996), classroom mathematical practices represent the 

third and final aspect of the social perspective. Roy (2008) extended previous research efforts by 

focusing on the classroom mathematical practices developed by prospective teachers in learning 

whole number concepts and operations through an instructional sequence situated in base-8 

(Andreasen, 2006; Bowers, Cobb & McClain, 1999). In order to contribute to the existing 

literature, this research effort was particularly interested in exploring the development of 

individual prospective teachersô understanding of whole number concepts and operations ï 

through the analysis of mathematical conceptions and activities - as it occurred within the social 

classroom dynamic.  

Selection of Participants 

 

Sampling Procedure 

 During this research project, the research question involved examining the conceptual 

development of prospective teachers in understanding whole numbers concepts and operations as 

it occurred during an instructional unit in base-8. Research efforts have discussed prospective 

teachersô knowledge and how it related to student thinking and achievement (Hill, Rowan & 

Ball, 2005; Lassak, 2001; McAdam, 2000; Sfard & Kieran, 2001). In the context of whole 

number concepts and operations, this research project intended to further elaborate on individual 

teachersô development in the instructional unit taught in base-8. This project aimed to investigate 
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if and how an individual prospective teacher with a strong initial content knowledge would 

develop differently than one with a weaker initial content knowledge. Due to the qualitative 

nature of this project, this researcher chose a purposive sampling strategy in order to use a 

criterion-based selection process to choose the target participants for the case study. In purposive 

sampling, the primary goal is not one of generalizability, but rather the understanding of a 

concept or topic in detail. Maxwell (1996) stated that ñselecting those times, settings, and 

individuals that can provide you with the information that you need in order to answer your 

research questions is the most important consideration in qualitative sampling decisionsò (p. 79). 

As such the selected participants represent a bounded system ï by time, place and context 

(Creswell, 1998; Miles & Huberman, 1994; Stake, 2003). In order to gain a better sense of the 

initial content knowledge of these prospective teachers, this research study will next discuss a 

measure intended to identify the content knowledge for teaching.  

Content Knowledge for Teaching ï Mathematics (CKT-M)  

 As we discussed in the literature review chapter, mathematical knowledge for teaching 

serves as one of the distinguishing characteristics of teaching mathematics professionally 

compared to mathematical knowledge needed for various other occupations (Ball, Hill & Bass, 

2005). The Content Knowledge for Teaching ï Mathematics (CKT-M) Measures represents a 

statistically reliable, verified instrument that represents the mathematical knowledge necessary to 

teach elementary mathematics including the specific role that this content plays in childrenôs 

learning (Hill, Ball & Schilling, 2008).  

 The database of items from this instrument contains questions related to two types of 

knowledge: common knowledge of content and specialized knowledge of content. The common 
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content items deal with knowledge of mathematics including computing, making accurate 

statements and the ability to correctly solve problems. The specialized knowledge of content 

items deal with operations, the ability to provide alternative representations as well as evaluating 

inventive student solutions (Ball, Hill, & Bass, 2005). After members of the research team 

including the course instructor had reviewed the items, 25 items were selected and administered 

to the 32 prospective teachers in the class. Nine of the items selected were common content 

knowledge items and another sixteen were specialized content knowledge items. While the 

specific contents of the CKT-M instrument may not be included as a part of this study, in order 

to provide the reader with insight into this instrument, an example ïreleased by the authors ï has 

been provided in Figure 10.  
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Figure 10: Example of Specialized Content Knowledge Item  

(Ball, Hill, & Bass, 2005) 

 

 The 25 items from the CKT-M Measures instrument were selected as pre- and post-test 

items in order to help identify the impact of the instructional unit taught entirely in base-8 on the 

content knowledge of prospective elementary teachers.  

 As described earlier, in order to gain a more thorough understanding of the individual 

perspective, this research endeavor focused on whether teachers with varying initial content 

knowledge developed differently through this instructional sequence. Primarily, this researcher 

was interested in being able to identify at the outset - through an objective instrument - those 

particular participants who had ñLow-Contentò knowledge for teaching versus others who 
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displayed ñHigh-Contentò knowledge for teaching in whole number concepts and operations. 

 The results of the CKT-M Pre-test scores for all 32 classroom participants (Mean=13.1, 

Standard Deviation=2.4) have been provided using a box and whiskers plot in Figure 11. 

 

 

Figure 11: Pre-test CKT -M Scores 

  

 The scores on the Pre-test CKT-M for the research participants ranged from a lowest 

score of 7 to a highest score of 18 (out of a possible 25.) The median score was 13, the lower 

quartile was 12, and the upper quartile was 14.5. It is worth noting that the prospective teachers 

in this research study did not illustrate a large dispersion in their CKT-M scores as 17 of the 32 

participants fell in between the scores of 12 and 14, inclusive. In order to differentiate among the 

participants, the researcher considered individuals with CKT-M scores that were below the lower 

quartile ï here forth referred to as ñLow-Contentò ï and conversely individuals with CKT-M 
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scores above the upper quartile ï referred to as ñHigh-Content.ò. This designation will be 

discussed again in the section related to the selection of individual cases for this research project.  

Selected Research Participants 

 As stated previously, the primary purpose of this study involved exploring the 

development of individual prospective elementary teachers through the instructional sequence in 

base-8. It was of particular interest to the researcher to examine how individuals with different 

incoming content knowledge would develop their understanding of whole number concepts and 

operations and whether they would participate differently in the classroom micro-culture. After 

all, these prospective teachers would one day be individually teaching in their own classrooms 

and thus this research effort wanted to explore their individual development through the 

instructional sequence. To this purpose, the researcher considered individuals with CKT-M 

scores that were below the lower quartile ï referred to as ñLow-Contentò ï and conversely 

individuals with CKT-M scores above the upper quartile ï referred to as ñHigh-Content.ò   

 In order to examine individuals with different initial content knowledge, four total 

prospective teachers were selected as research participants. While a case study involving one 

prospective teacherôs development would have examined that one particular individual in great 

detail, this researcher made the conscious choice of wanting to be able to gather more 

information in order to compare and contrast different individuals. By selecting multiple 

individuals for the purposes of analysis, this researcher was able to explore multiple individualsô 

development while still maintaining a reasonable number of cases. One of these individuals ï 

referred to as Cordelia ï scored below the lower quartile of 12. The two individual - referred to 

as Claudia ï scored above the upper quartile of 14.5. To reiterate, this researcher wanted the 
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opportunity to examine multiple individuals who displayed different incoming content knowledge 

in order to gain greater insight into prospective teachersô development of whole number concepts 

and operations.  

 In summary, the initial content knowledge served as the primary determinant factor for 

the selection of the research participants. In order to explore cases that involved prospective 

teachers with potentially different experiences prior to this instructional sequence, the researcher 

also considered the following two factors: varying number of mathematics courses taken during 

undergraduate university coursework, and the individualôs reflection of her experiences with 

mathematics. The number of undergraduate mathematics courses could potentially be linked to 

the prospective teacherôs content knowledge ï albeit in a context different than whole number 

concepts and operations. Lastly, using the ñMy Experience with Mathematicsò paper submitted 

by each student in the class, the researcher explored what each prospective teacher shared 

regarding her prior learning and teaching of mathematics.  

Data Collection Procedures 

 The goal of data collection procedures was to provide an insiderôs perspective to the 

individual and shared experiences of the research participants (Stake, 2006). The data for this 

study were collected from multiple sources in adherence to Pattonôs (1990) suggestions: 

Multiple sources of information are sought and used because no single 

source of information can be trusted to provide a comprehensive 

perspectiveéBy using a combination of observations, interviewing, and 

document analysis, the fieldworker is able to use different data sources to 

validate and cross-check findings. (p. 244) 

 

A wide variety of data were collected during the course of this classroom teaching 

experiment including recordings (video and written forms) of whole class sessions, and small 
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group discussions, prospective teacher artifacts, and video and written recordings of individual as 

well as focus group interviews (Cobb, et al., 2001). Through the synthesis of individual 

responses along with the individual contributions toward class discussions, the researcher could 

understand the data in a more thorough fashion. The analysis also included interviews and 

written work in order to illuminate the nature of prospective teachersô individual understanding 

and standards for what constitutes as an acceptable explanation and justification. In order to 

answer the research questions put forth using a case study methodology, this researcher needed 

to have multiple sources of data for triangulation purposes (Creswell, 1998; Merriam, 1998). 

 As previously discussed during the sample selection section, data were also collected 

through the administration of the Content Knowledge for Teaching Mathematics (CKT-M) 

Measures database (Hill, et al., 2005) before and after the instructional unit on whole number 

concepts and operations. Lastly, all members of the research team took field notes during each 

class session. Often times, these field notes were discussed during the weekly research meetings 

and they contributed quite heavily towards instructional decisions and future planning.    

 Videotaped data were collected to capture the whole-class discussions through the use of 

3 concurrent video cameras from different areas in the classroom. One camera was placed in the 

center back of the classroom and focused on whole class discussion and followed any individual 

student who spoke as a part of the whole class conversation. Another camera was situated 

towards the back right of the classroom and was designed to focus on the work done on the board 

and/or work displayed on the screen using the overhead document camera. A third camera was 

positioned in the front left of the room and was focused on the instructor and individual 
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prospective teachers as they engaged in conversations as well as any questions or challenges that 

were raised during class discussion. 

 Throughout this research effort, a large volume of data including personal statements and 

prospective teacher artifacts were collected from each of the research participants. Prior to the 

instructional sequence, the instructor asked each person to submit a one-page ñMy Experience 

with Mathematicsò entry. This personal statement provided a glimpse of each prospective 

teacherôs background and experiences in mathematics. Often times, these writings included the 

challenges and successes that the individual had shared in learning and teaching mathematics. 

Upon the start of the instructional sequence, the researcher with the assistance of the research 

team, collected any artifacts produced by the prospective teachers. These artifacts included all 

notes, problems explored during classroom discussions, homework assignments, and tests.  

Each of these prospective teacher artifacts were closely analyzed in order to gain a better 

understanding of the development of whole number concepts and operations by each individual.  

 All  four individual prospective teachers who were selected as research participants were 

interviewed individually at the beginning of the instructional sequence as well as at the end of 

the unit on whole number concepts and operations. These individual interviews were all 

conducted by this researcher and lasted approximately 45 minutes. Each interview was 

videotaped and transcribed for later analysis. During these interviews, the researcher began with 

a set of questions to be addressed by each participant. The primary purpose of these interview 

questions involved gaining insight into each prospective teacherôs knowledge of place value 

concepts and operations prior to the instructional sequence. These interviews also served as a 

baseline of illustrated understanding of the mathematical topics of interest. Due to time 
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constraints and the responses provided by a participant, not all questions were asked of all 

individuals. A copy of the questions used to conduct the interviews was included in Appendix D. 

Furthermore, the researcher exercised opportunities to inquire more deeply about an individualôs 

mathematical conceptions by asking follow-up questions.  

  In addition, a focus group interview of the research participants was conducted at the end 

of the instructional unit to reflect on the individual and shared experiences on base-8 as well as 

any implications on whole number concepts and operations in base 10. This focus group 

interview was conducted by a different member of the research team and lasted approximately 1 

hour. All focus group sessions were videotaped and transcribed for purposes of analysis.  

 

Data Analysis Procedures 

 The analysis for this research was conducted using the transcriptions of the classroom 

discussions, the audiotapes of the small group interactions, the videotape of each individual pre- 

and post-interview, the videotape of the focus group for the case study participants, and all 

additional documents collected from each participant including homework, tests and classroom 

activities. Furthermore, field notes and research team membersô notes from weekly meetings 

were collected and analyzed. The analysis of the development of prospective teachersô 

understanding of whole number concepts and operations was divided into two portions: the 

individual development and the participation in the classroom mathematical practices.  

Analysis of the Individual Development  

 The individual development was analyzed by systematically examining each prospective 

teacher prior to the instructional sequence, during the instructional sequence and following the 
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instructional sequence. In examining the data prior to the instructional sequence, this researcher 

analyzed the personal statement called ñMy Experience with Mathematicsò as well as the 

videotaped and transcribed personal interview which took place before the beginning of the unit 

on whole numbers concepts and operations.  During the instructional sequence, all prospective 

teacher artifacts including notes, homework, class activities and tests were analyzed. This 

analysis was divided into sections which highlighted each individualôs development of 

understanding of the main concepts within the instructional sequence. As illustrated in the 

chapters 4 and 5, each participantôs development was explored for conceptual understanding of 

place value and counting strategies, addition and subtraction strategies, and finally multiplication 

and division strategies.  

 Following the instructional sequence, the individual post-interview and the focus group 

including all research participants were closely analyzed. During the post-interview, individuals 

revisited some of the problems they had been asked to solve during the pre-interview as well as 

follow up questions and reactions to the instructional sequence. This interview focused on 

aspects of the individualôs experiences through the instructional sequence such as: 

ü Changes in understanding of whole number concepts and operations 

ü Roles and responsibilities as a participant in classroom discussions 

ü Comparing and contrasting base-8 and base-10 

 

Analysis of Participation in Classroom Mathematical Practices 

 Roy (2008) identified the classroom mathematical practices through analyzing the 

classroom argumentation in the same environment with the same group of prospective teachers 

as this research effort. This researcher played an active role in the aforementioned analysis of the 

classroom argumentation by Roy prior to the examination of the psychological aspects of the 
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interpretive framework. The social aspects of argumentation indicated how and to what extent 

each individual contributed to and on occasion steered small group and whole class discussions.  

Model for Analysis of Classroom Argumentation 

 Toulmin (1969) in his book, The Uses of Argument, illustrated the concepts of claims, 

data, warrants and backings which have been prevalent since their publication in various social 

science research settings as well as mathematics education research. Toulminôs model of 

argumentation was briefly discussed. Next, the degree to which each prospective teacherôs 

conceptual understanding of whole number concepts and operations was aligned with her support 

for argumentation was analyzed. At that point, any similarities or differences among the 

prospective teachers were described in the cross-case analysis in conjunction with the description 

provided by Yin (2003). Toulminôs argumentation model ñallows one to reconstruct an argument 

as well as the specific parts of that argument as they emergeé..How an argument is developed, 

further elaborated, or restructured is indeed socially motivated as the individual attempts to help 

others óseeô her point of viewò (Whitenack & Knipping, 2002, p. 442).  

 According to Toulmin (1969), in the course of argumentation, a claim is a ñconclusion 

whose merits we are seeking to establishò and data are the ñfacts we appeal to as a foundation 

for the claimò (p. 97). Warrants are ñgeneral, hypothetical statements, which can act as bridges, 

and authorize the sort of step to which our particular argument commits usò (p. 98). Quite 

frequently, data will be declared or stated rather explicitly, whereas warrants are largely left 

implicit unless specifically asked for or challenged. Finally, the backing of an argument is often 

times not specified. ñBacking is other assurances without which the warrants themselves would 

possess neither authority nor currencyò (p. 103). Since the criteria that researchers use in order to 
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gauge the validity of an argument varies (Cobb, et al., 2001; Whitenack & Knipping, 2002; 

Yackel, 2002), this researcher has provided an example of a classroom argumentation in the next 

section. 

Example of Classroom Argumentation 

 Whitenack and Knipping (2002) coordinated Toulminôs argumentation and the 

instructional theory of RME to analyze the discussion of a second-grade classroom in the context 

of whole numbers and operations. They maintained that prospective teachers engage in 

mathematical reasoning when their ideas, explanations and justifications are at the center of 

classroom discussions. 

 During this example, a 2
nd

 grade student was asked to explain her solution given the 

problem 23 ï 16 = ____. The student proceeded to explain that 23 ï 16 = 7 because 16 + 7 is 23. 

In this example, the mathematical claim was (23 ï 16 = 7). When the student attempted to 

support or ñgroundò her claim by stating (16 + 7 = 23), this was the data in the argument. Once a 

student asked her to explain how her data supported her claim, she explained further by saying 

that ñshe added 4 to get to 20 and 3 more to get to 23.ò This additional information provided in 

order to further support her data qualified as the warrant in this argument. According to 

Whitenack and Knipping, the warrant ñserves as a bridge between the conclusion (claim) and its 

data and grounds the ensuing inferences.ò (p. 443). The backing in this instance was the ñbottom 

line of sortsò or a general expression that all accepted without question. Hence, the student 

provided the backing ï upon request ï by stating ñbecause 3 + 4 is 7, the answer is 7ò 

(Whitenack & Knipping, 2002). 
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 Often times, a graphic representation has been used to outline the argumentation in a 

rather succinct fashion. In Figure 12, Whitenack and Knipping (2002) illustrated and 

summarized the previous argumentation regarding the initial problem of 23 ï 16 = ____? 

 

Figure 12: An Illustration of Toulminôs Argumentation  

(Whitenack & Knipping, 2002, p.443) 

 

 As a part of this case study analysis, the researcher demonstrated the manner in which a 

particular participant provided claims, data, warrants, and backings to facilitate and at times lead 

whole classroom discussion. Furthermore, the analysis using Toulminôs argumentation allowed 

for collaboration between the social and the individual aspects of the emergent perspective to 

describe the individuals in the case study and their participation in classroom discussions. By 

illustrating the importance of the individual prospective teacherôs development as it contributed 
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and sometimes pushed classroom argumentation, this research effort has focused on highlighting 

the significance of the psychological perspectives of the emergent perspective, and extending the 

research on the impact of individuals within the social classroom setting. The research analysis 

of prospective teachersô mathematical conceptions and activity, along with the classroom 

mathematical practices and social norms established by Roy (2008) and Andreasen (2006), 

respectively, would provide a much more detailed account of prospective teachersô 

understanding of whole number concepts and operations. 

Analyzing the Individual Activity within the Classroom Dynamic 

 The transcripts of the classroom argumentation were previously analyzed using 

Toulminôs (1969) method in which the researchers identified claims, data, warrants, and 

backings. In order to document and analyze the individualôs activity within the classroom 

dynamic, Glaser and Straussôs (1967) constant comparative method was employed to identify 

any existing patterns in individualôs contributions to these claims, data, warrants, and backings. 

This method was also used to synthesize the manners in which these prospective teachers 

developed an understanding of whole number concepts and operations. 

 As witnessed earlier through the Whitenack and Knipping illustration (Figure 12), claims, 

data, warrants, and backings provide the different ways that an individual participated in and 

contributed to the argumentation. Each individualôs participation was identified as providing 

minimal, some, moderate or extensive support in classroom argumentation as it led to the 

establishment of the classroom mathematical practices becoming taken-as-shared.  

 Minimal support indicated none or virtually nonexistent participation in the classroom 

discussion. On occasion, the prospective teacher may provide a claim or data without 
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connections to other argumentation. Some support signified an increase from the previous 

category, however; this classification was mostly initiated by the instructor. The prospective 

teachersô contributions moved the discussion along without providing a ñchallenge or pushò to 

the classroom argumentation. Moderate support indicated a steady back and forth participation 

by the individual in classroom discussions. This classification of support for argumentation was 

often initiated by the student and or was in response to other studentsô contributions. Extensive 

support signified a continuous, insightful contribution to the classroom dynamic. This particular 

classification was primarily reserved for instances when the prospective teachersô contributions 

would ñchallenge or pushò the thinking of the entire class in a meaningful way. Note each 

individual prospective teachersô claims, data, warrants, and backings have been identified per 

each of the classroom mathematical practices that were established as a part of this instructional 

sequence. 

Guidelines for Individual Participation in Argumentation  

N/A Not Applicable 

 
No or Minimal Support of Argumentation 

 
Some Support of Argumentation 

 
Moderate Support of Argumentation 

 
Extensive Support of Argumentation 

 

These classifications are illustrated in more detail in the summary section of each case analysis. 

 Lastly, this researcher also wished to further explore any similarities and differences 

between the prospective teachers who participated in this research study through a cross-case 

analysis (Stake, 2006; Yin, 2004). The individualsô development of place value concepts, 
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counting strategies, addition and subtraction strategies, as well as multiplication and division 

strategies were analyzed side-by-side in order to provide trends in their understanding. Also, the 

cross-case analysis examined the prospective teachersô participation in each of the classroom 

mathematical practices in order to identify any similarities or differences in the way each 

participated in providing claims, data, warrants, and backings. Details of these analyses have 

been included in chapters 4-6.  

Trustworthiness 

 In conducting qualitative research, the researcher needed to provide the burden of proof 

on issues of trustworthiness. Lincoln and Guba (1986) emphasized the importance of a 

researcher taking precautionary steps along the various stages of a research endeavor to ensure 

the trustworthiness of the findings. Throughout this study, the design and implementation of the 

project allowed for a prolonged engagement and persistent observation of the research setting. 

To begin with, the researcher and the research team maintained extensive and meaningful 

communication with the prospective elementary teachers in the mathematics classroom. The 

researcher - along with at least 5 other members of the research team - remained actively 

involved in every single class session during the 10-day duration of the instructional unit on 

whole number concepts and operations. Furthermore, the researcher continuously collaborated 

with research team members before, during and after the selection of the participants who were 

chosen for the case study analysis. Members of the research team were in accord regarding 

which participants would be able to provide the desired research and accomplish the intentions of 

this project. 
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 Another strategy used in order to ensure trustworthiness involved triangulation. As Stake 

(2006) stated ñtriangulation is an effort to see if what we are observing and reporting carries the 

same meaning when found under different circumstancesò (p. 113). Written artifacts, videotapes, 

audiotapes, interviews and other artifacts such as tests and assignments granted avenues for the 

exploration, clarification and verification of results that were examined during analysis. 

Triangulation was used by all members of the research team as the learning goals of each 

classroom session, and all instructional tasks were discussed (Lincoln & Guba, 1986; Stake, 

2006). Next, they reflected on potential courses of action after each class and during research 

meetings. Furthermore, triangulation was used to compare the classroom observations with the 

written artifacts, and to compare interview and focus group responses with exercises, 

assignments and other assessments. Al l data that required coding were independently analyzed 

and then discussed at length via cross checking with another member of the research team to 

verify each of the claims, data, warrants, and backings that had been transcribed. 

 Upon the completion of the analysis stage of this research project, a rich and extensive 

narrative will be provided so that interested parties can examine the transferability of the findings 

and to draw conclusions relevant to their area of interest. 

 

Selection of Individual Cases   

 The researcher conducted interviews prior to and then again after the instructional 

sequence, collected student artifacts and examined contributions to classroom discussion during 

the instructional sequence as well analyze a focus group following the completion of the 

instructional sequence. In order to provide a full, rich story for each case study participant, the 



79 

 

researcher made a conscious choice of writing about one individual from each classification of 

initial content knowledge. Specifically, the analysis of the individual cases for this research 

effort focused on Cordelia and Claudiaôs development of whole number concepts and operations 

through the instructional sequence. Following the individual analysis, a cross-case analysis of 

these two individuals was done to synthesize the cases and to build a more complete picture of 

individual prospective teachersô understanding of whole number concepts and operations.  
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CHAPTER 4: THE CASE OF CORDELIA  

 

 Cordelia had taken no previous undergraduate mathematics or mathematics education 

content courses prior to the course used for this research. In the beginning of the course, all 

prospective teachers submitted a one-page ñMy Experience with Mathematicsò entry. Cordelia 

gave an insight into her motivations of wanting to know the reason behind mathematical notions 

and her desire to understand mathematics at a deeper conceptual level.   

Iôd like to think of myself as good at basic mathé Iôd get frustrated 

when my teachers couldnôt answer ówhy?ô I didnôt like being told 

óbecause that is how it is done.ô I always thought there is a reason why 

things are done a certain way and that my teacher should know why. 

éI hope to do well in this class and re-learn things in a way better to 

teach my future students.  

Cordelia, January 2007 

  

 On the CKT-M Pre-test instrument, Cordelia had a score of 10 which placed her in the 

ñLow-Contentò category of mathematical content knowledge at the outset of this research. 

 

Individual Development 

 In order to specifically illustrate the development of each individual through the 

instructional sequence on whole number concepts and operations, this researcher decided to 

examine the individualôs development on several levels. First, this analysis focused on what was 

known about each individual prior to the beginning of the instructional sequence. Next, each 

participantôs individual artifacts ï outside of her contributions to group and classroom 

discussions ï were analyzed. The third level of analysis occurred based on what the individual 
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revealed during the post-interview as well as her participation in a focus group involving all 

research participants. The fourth level of analysis involved each individualôs participation in the 

social situation of the classroom.  

Prior to Instructional Sequence  

 During the pre-interview conducted prior to the beginning of the instructional unit on 

whole number concepts and operations situated in base-8, the researcher (who also served as the 

interviewer) asked Cordelia some questions related to place value, whole number operations and 

her role in the classroom. These pre-interview questions were all in the traditional base-10 

system since the participants had not been introduced yet to the base-8 system in the instructional 

sequence. When asked the question, ñWrite the numbers 1 through 32 in a way that is 

meaningful to you.ò Cordeliaôs response was written all the way across the page and appeared as: 

  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21 

  22  23  24  25  26  27  28  29  30  31  32 

 

Here, it should be noted that no breaks were made with respect to tens and ones by Cordelia and 

the groupings of the numbers seemed to be determined by the space on the page rather than any 

particular notion of place value. As the follow up question, the researcher asked: 

 

 Interviewer:  Which numbers are comparable? 

 Cordelia:  The numbers 1 through 9. And then 10 through 32. 

 Interviewer: How is that? 

 Cordelia:  Well, 1 through 9 have a single symbol and 10 through 32 are two   

   numbers put together. 

 

Notice again that while Cordelia did distinguish between single digit and multidigit numbers, she 

did not attach a definite significance to 10 or place value. Next, the interviewer wanted to 
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examine whether Cordelia would connect the next place value of 100 involved in a number such 

as 102.  

 

 Interviewer: Would you write the number 1 through 102. Feel free to skip the numbers  

   as you see fit. 

 Cordelia: Okay (wrote the following) 

   1  2  3  4  5  6  7  8  9  10 

   11é 

   21 é 

   31é 

   41é 

   51é 

   61é 

   71é 

   81é 

   91é 

   101  102 

 Interviewer: How come you decided to write the numbers that way? 

 Cordelia: They all line up in a row. 11, 21, 31, etc. all end in 1. It looks better. 

 

At the outset, it appeared that Cordeliaôs writing of the number 1 through 32 was completely 

unrelated to place value. However, using the follow-up question of writing the number 1 through 

102, Cordelia revealed that she did use place value to group some if not all numbers. 

 The next question on the interview involved the use of Base Ten Blocks (See Figure 13). 

These blocks are manipulatives that are commonly used to model numbers and number 

relationships. Students typically use them at the elementary and middle school levels.  
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Figure 13: Configuration of Base-Ten Blocks 

 

 In order to gain insight into her ability to compose and decompose numbers, Cordelia 

was given 3 Flats, 5 Longs, and 2 Unit Cubes and asked to represent the number 254. 

Purposefully, the interviewer arranged for an insufficient number of Unit Cubes to explore 

Cordeliaôs notions of composition and decomposition of numbers.  

 Interviewer: Using the Base Ten Blocks provided (3 Flats, 5 Longs, 2 Unit Cubes),  

   how would you represent the number 254?  

 Cordelia: I couldnôt do thatéunless I broke one of the pieces (laughs) 

 Interviewer: You can use the Base Ten Blocks in any way you wish. 

 Cordelia: (Playing around with the Base Ten Blocks) I could do it if each 10 block  

   could be 20. I could do it with twoôs. I could redefine the blocks. 

 

 
 

Figure 14: Cordeliaôs Illustration of 254 using Base-Ten Blocks 

 



84 

 

 In this case, Cordelia observed that she would need to break one of the pieces ï namely, 

the Flat (100 block) ï to be able to represent 254 using Base Ten Blocks. Instead, she arrived at 

an alternate solution of reassigning each block to represent two units. In this fashion, the two 

Longs (2 × 20 = 40) and the seven Unit Cubes (7 × 2 = 14) would represent 54. It must be noted 

that the blocks that were not counted have been represented by the ñblankò or white Unit Cubes 

in the figure on the previous page. 

 Cordeliaôs creativity in reassigning each Unit Cube does provide a way of getting 54, 

however; she had a misconception in that she still claimed to need two Flats. Recall, that she 

assigned each Unit Cube to have a value of two, and therefore the two Flats would represent 2 × 

200 or 400. As a result, using the base ten blocks, Cordelia illustrated the number 454 instead of 

254. In fact, she did demonstrate an ability to think about the problem posed to her using an 

alternative strategy. Curiously, even though she contemplated ñbreakingò or decomposing one of 

the blocks; she did not carry out this plan and decided on the strategy to ñredefine the blocksò. 

 The last question during the pre-interview involved a studentôs work which illustrated the 

manner in which the student had performed a multidigit multiplication problem.  

 ñSome fifth-grade teachers noticed that several of their students were making the same  

  mistake in multiplying large numbers. In trying to calculate 

 

1 2 3 

× 6 4 5 

 

 The students seemed to be multiplying incorrectly. They were doing this: 

   

 

1 2 3 

× 6 4 5 

 
6 1 5 

 
4 9 2 

  7 3 8 

1 8 4 5 
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 What is the studentsô misconception? How would you approach this misconception with 

 students? (Ma, 1999) 

 

In the conversation that ensued, note the way that Cordelia made sense of the studentôs work. 

Specifically, observe her notion of place value as she mentioned the word ò placeò to describe 

the studentôs mathematical move as well as her suggestion of the way she would illustrate this 

multiplication problem with her potential students. After Cordelia read through this problem, the 

interview continued: 

  

 Interviewer: What do you think the student did in this problem? 

 Cordelia: They came up with the right number but in the wrong placeéThey didnôt  

   hold the places. It should be 

 

  

1 2 3 

 

× 6 4 5 

  

6 1 5 

 

4 9 2 0 

7 3 8 0 0 

7 9, 3 3 5 

 

 Cordelia: As a teacher, I would do  

 

6 4 5 

× 1 2 3 

  

 Interviewer: Why would you write them that way? 

 Cordelia: Because students know their multiplication for 1, 2, and 3. They could do  

   3 times 5, or 2 times 4, or 1 times 6. Because it is just smaller numbers, it  

   seemed less intimidating. 

  

The previous episode illustrated that Cordelia did possess some knowledge of multiplication in 

using a zero to hold the place value in the traditional multiplication algorithm. She even 
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suggested a method for becoming more efficient with whole number operations, while pointing 

out the idea of place value as the misconception the student in the example cited.  

During the Instructional Sequence 

 As described in chapter 3, this analysis will explore each prospective teacherôs 

development as she moved through the instructional sequence. Following the pre-interview, the 

focus of the analysis shifted to some of Cordeliaôs individual activity during the course of the 

instructional sequence specifically through analyzing homework assignments and items on a test. 

From this point on, problems listed and language used should be strictly in base-8 unless 

specifically noted otherwise.  

 After several class sessions dedicated to counting and skip counting, the prospective 

teachers were introduced to the open number line in order to record their thinking and discuss 

various strategies used to solve problems. 

Place Value and Counting Strategies 

 After two weeks, the first homework examined the prospective teachersô abilities to 

individually solve problems related to counting and reasoning with addition and subtraction. 

Given the problem, ñFor Valentineôs Day, Victor bought 57 heart-shaped chocolates. After 

purchasing some more, he had a total of 243 heart-shaped chocolates. How many more 

chocolates did Victor buy?ò Note the manner in which Cordelia illustrated two methods of 

counting up from 57 (five-ee-seven) to 243 (two-hundree-four-ee-three) and then counting down 

from 243 to 57. 
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Figure 15: Cordelia's Illustrated Counting Strategy with Addition and Subtraction  

 As it can be observed, after only two weeks of ñliving in Eight-worldò, Cordelia 

demonstrated the strategy of starting with 57 and counting up to get to the desired result of 243. 

She used the numbers 100 (one hundree), 50 (five-ee-zero) and 10 (one-ee-zero) ï using 

convenient numbers through understanding place value ï to get to 237. After which using 

counting strategies, she counted up 4 more to arrive at 243. She recognized that from 57 to get to 

243, she had to think of 100 + 50 + 10 + 4 =164 to find the solution to this particular problem.   

 When asked to use two different strategies, she used what was labeled as method B in 

Figure 15. This time, instead of counting up to 243, she conveniently counted down 3, then 40, 

then 100, then 20 and finally 1 to get to 57. It must be noted that she clearly illustrated an 

understanding of place value using those specific numbers - 3, 40, 100, 20 - to subtract what 

would be convenient in order to solve this problem. The final remark on Cordeliaôs solution to 

this particular problem is related to her incorrect use of the equal sign. She connected all her 

moves with equal signs implying that 57 + 100 = 157 + 50 = 227 + 10 = 237 + 4 = 243. That 

would mean that in her solution A, 57 + 100 =243; or that in solution B, 243 ï 3 = 57. Even 

though the aforementioned misconception of the use of the equal sign represened a significant 
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one, it did not interfere with her illustration of understanding how to count and perform addition 

and subtraction in base-8. The misconception was addressed and later on in the instructional 

sequence, Cordelia corrected this misconception. Overall, she illustrated a good understanding of 

place value and initial counting strategies. 

Addition and Subtraction 

 On another problem in the same time frame, the question was asked: 

 ñA student was given the following problem to solve in class: How many more 

 stickers do you have to add to 47 stickers to get a total of 135? 

  

 To make the above problem a little easier for them to solve using the number line, 

 they jumped 3 to go from 135 to 140. Then they jumped 100 to get from 140 to 40. 

 Finally, they jumped 7 to go from 40 to 47. Since the student did that, they came up 

 with the following solution: 

 

  3 + 100 + 7 = 112 spaces   Answer: 112 stickers 

 

 Is the student correct? If so, explain why? If not, explain what the student did 

 incorrectly?ò 

 

 Cordeliaôs solution to this problem is provided including her illustration of the use of a 

number line as well as her ability to look at another studentôs solution in the context of addition 

and subtraction. Note the manner in which Cordelia used the open number line and the way she 

chose to skip counted as demonstrated in Figure 16. 
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Figure 16: Cordelia's Solution Illustrating the Open Number L ine 

 Cordelia illustrated a very good understanding of the open number line as well as 

providing some insight into her way of thinking. She demonstrated correctly being able to skip 

forward and backward and reflected her thinking using the open number line. She placed the 

distance traveled between each number on top of the arrow and reflected the direction of the 

move with a minus sign if moving backwards and a plus sign if moving forward. It must be 

noted that she checked the open number line approach through algorithmic approaches in order 

to verify her answer. 

 Over the next three weeks, the instructional tasks involved using the context of the candy 

shop to further highlight the significance of place value and explored invented strategies for 

addition and subtraction. Place value notions as well as the composition and decomposition of 

numbers according to place value were explored through the use of inventory forms. These 
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forms allowed for the separation of units into boxes, rolls and pieces. A piece referred to an 

individual piece of candy (one unit). A roll comprised of precisely onee-zero (10) pieces and a 

box contained one-hundree-zero (100) candies. Furthermore, various addition and subtraction 

strategies were examined as they came up during class discussions.   

 The second homework assignment was submitted two weeks after the data introduced in 

the example illustrated in Figure 16. On this assignment, the researcher continued to explore the 

development of Cordeliaôs understanding of whole number concepts and operations as she 

progressed through this instructional sequence entirely taught in base-8. Cordelia displayed a 

very good understanding of inventory forms as she grouped and regrouped objects with ease. 

Specifically, she decomposed and composed in various problems in the context of the candy 

shop without any difficulty. She illustrated her understanding of moving values across place 

value and explained and justified her thinking in verbal and written forms.  

 A problem on the second homework asked the prospective teachers to consider ña student 

did thiséò scenario. Note the way that she wrote her procedure on the right hand side of Figure 

17 to verify the solution. Also closely follow her explanation and justification provided 

afterwards. 
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Figure 17: Cordelia's Approach in Examining Another Student's Solution 

 Cordeliaôs approach in understanding another studentôs non-traditional subtraction 

algorithm provided further opportunities to gauge her development and understanding of whole 

number operations at this stage. She stated: 

 ñThe student saw that if she adds 1 roll to the ones place in 312 she has to add 

  one roll to the tens place in 165 because what you do to one number you have to 

  do to the other. Then she added 1 box to the tens place in 312 and added a box to 

  the 100 place in 165  because what she does to one number she has to do to the 

  other. This gave her 3, 11, 12 minus 2, 7, 5 which gave her 125 which is correct.  

 She was able to do this because 12 ï 5 =5, 11 ï 7 = 2 and 3 ï 2 = 1.ò 

 

 While she realized what the student did and explained the process, she was not able to 

provide the justification for why this step would be mathematically correct. As for adding ñ1 roll 

to the ones place in 312ò, Cordelia did not demonstrate the thorough understanding that the 

student added one-ee-zero ones to the ones place in 312. In order to compensate equally by using 

ñplace value understanding to subtract by equal additionsò  the student then added an equal 

ñamountò to 165 by adding 1 group of one-ee-zeros making the 6 into a 7. It is precisely the 

simultaneous realization that one-ee-zero ones and one group of one-ee-zeros are equivalent. 
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Instead, Cordelia simply stated, ñwhat you do to one number you have to do to the other.ò 

Cordeliaôs limited conceptual understanding is demonstrated again when she stated that the 

student, ñadded 1 box to the tens place in 312 and added a box to the 100 place in 165 because 

what she does to one number she has to do to the other.ò In this case, similar to the stated 

simultaneous realization that is needed for conceptual understanding, the student added one-ee-

zero rolls to the ñtensò place in 312 and added the equivalent ñamountò by adding one box to 165 

to change the 1 into a 2. The student ï and in this case the prospective teacher Cordelia ï should 

demonstrate conceptual understanding of why it is mathematically valid to proceed in the fashion 

illustrated above. Lastly, in the mind of this researcher, it seemed that she became convinced of 

whether the student was correct or not based on the traditional column subtraction algorithm that 

she has illustrated on the right hand side of the last figure provided. Even though the knowledge 

of traditional algorithms provided a mechanism for Cordelia to answer this question, the issue of 

giving credibility and proper worth to another studentôs work was an aspect of this instructional 

sequence which would be further examined as a part of the whole class discussions.  

Multiplication and Division 

 The last three days of instruction primarily focused on multiplication and division of 

whole numbers. One of the main distinctions that needed to be made in whole number 

multiplication involved the meaning of each of the numbers being multiplied. It was expected 

that prospective teachers demonstrate an understanding of which number in multiplication stood 

for the groups of objects and which one represented the number of objects in each group. The 

commonly used convention in United States schools signifies that in multiplying two numbers, 

the first represents the number of groups of objects and the second stands for the number of 
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objects in each group. Since teacher education programs ultimately prepare prospective teachers 

to teach in United States, this course also adhered to the same convention. In Figure 18, note 

Cordeliaôs depiction of this convention as the prospective teachers were asked to write their own 

story problems. In particular, observe the number of groups of objects and number of objects in 

each group she drew to model this multiplication problem.  

 

Figure 18: Cordelia's Initial Understanding of Multiplication (Groups of O bjects) 

 Through this example, the researcher noticed that Cordeliaôs story problem posed issues 

regarding her use of the convention for 7 × 16. The 7 ought to have represented the number of 

groups (servings in this case) and the 16 should have represented the number of objects in each 

group (the number of crackers for each serving). However, in solving the problem, Cordelia 

wrote her story problem to represent 16 × 7 and yet drew 7 groups of objects each of which had 

16 objects in each group. This example illustrated a lack of understanding of the commonly used 

convention of multiplication and it illustrated the manner in which Cordelia interchanged the 

meanings of the factors. Furthermore, her illustration did not model her story problem which 
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raised additional concerns. She did demonstrate an effective means of finding the total number of 

crackers by rewriting 7 rolls and 52 pieces into the 1 box, 4 rolls, and 2 pieces totaling 142 

crackers.  

 After some classroom discussion and the opportunity to engage in discourse, prospective 

teachers were asked to solve the following homework problem individually: ñMrs. Wright wants 

to fill 5 bags so that each will contain 16 candies. How many candies should she use?ò Cordelia 

depicted the multiplication problem of 5 × 16 pictorially as she drew the 5 bags and placed 16 

candies in each bag. Furthermore, she calculated that there would be 5 rolls and 36 pieces of 

candy total. Analysis of this artifact indicated that she wrote 86 total pieces for her final answer 

to this multiplication problem. Despite correctly calculating the 5 rolls and 36 pieces of candy, 

Cordelia reverted back to base-10 since 50 + 36 would be 86 in base-10. As the entire 

instructional sequence took place in base-8, the 5 rolls and 36 pieces should have yielded a total 

of one-hundree-six candies as the solution to 5 × 16. 

 Division represented the final part of the instructional sequence and due to time 

constraints only parts of two class periods were devoted to division and division examples. 

During whole class discussion, one student illustrated and explained the partial quotients 

algorithm and justified her solution. In the partial quotient algorithm, a student typically uses a 

successive approximation method by using convenient multiples of the divisor to get closer, and 

closer to the desired number. While the majority of the class followed this explanation, the 

approach to division and student responses were decidedly different in part due to a lack of time 

on this topic. In contrast to the class time spent on other operation strategies, due to time 

constraints, prospective teachers only had 1 ½ class sessions on the topic of division. 
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Cordelia was asked to solve the following division problem on the test: 

 Mary has 652 stickers that she wants to share with some friends in her class. If she gives 

 each of her friends 17 stickers, how many friends can she share with? How many stickers 

 will be left, if any?  

 

Illustrated by her solution provided in Figure 19, observe the manner in which Cordelia solved 

this division problem through repeated addition. 

 

Figure 19: Cordelia's Solution to the Division Problem 652 ÷ 17 

 Examining Cordeliaôs solution to this division problem revealed that she did not feel 

comfortable with the one method that was explained and justified during class ï the partial 

quotients method. Her strategy involved a repeated addition of 17 in order to use the resulting 

sum of 151 to get close to the desired total of 652. The inability to divide in the traditional sense 

was coupled in this case with an inaccurate illustration of multiplication. Overall, it seemed that 

Cordeliaôs efforts ï in particular with division ï were primarily procedural and lacked the 
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conceptual understanding that connected whole number operations as a connected endeavor. 

According to Steffe et al. (1988), conceptual understanding allows for the synthesis of previously 

learned material to construct new meanings. While Cordelia demonstrated a greater 

understanding of her own ways of thinking, the times when other prospective teachers explained 

and justified their thinking in a manner distinct from her approach seemed to have little impact 

on her. The researcher was also reminded of a previous case when Cordelia could not make 

sense of another studentôs work ï see Figure 17. During the course of the instructional sequence, 

all prospective teachers were expected to understand, question and make sense of another 

studentôs strategies. This aspect of Cordeliaôs development through the instructional sequence is 

revisited in the latter stages of analysis. 

Following the Instructional Sequence 

 Upon the completion of the instructional sequence, the individual post-interview with 

Cordelia provided further insight for this research. When Cordelia was asked what changes had 

occurred through her experiences with the instructional sequence, she responded: ñNow itôs 

easier to understand exactly what I am doing - because of inventory forms, and knowing place 

value.ò In reference to methods and strategies that she experienced through the class discussions 

on whole number concepts and operations, she commented: ñI already knew the strategies, now 

people are just labeling them. They are naming things that I have already seen.ò  

 Cordelia seemed particularly adamant regarding her perceived role in the classroom 

versus the role of other prospective teachers ï specifically when addressing the notion of 

authority in the classroom. She mentioned: 
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 Cordelia: If you canôt tell me why [italics added] you are doing something or that  

   you can [italics added] do something, it discredits what you are telling  

   me.ò 

 

When asked about her role as a member of the classroom social dynamic, she responded: 

 Cordelia: I had to know when to explain what I did to other people or when it is not  

   time to explain it yeté.I know what I did and know it is right. In the small 

   groups, I would show what they did wrong. To the (whole) class, I would  

   show what I did and just explain that. 

 

A follow-up question during the post-interview involved Cordeliaôs impressions of what 

constitutes as an acceptable solution and who she considered the position of authority in the 

classroom. 

 Cordelia: As long as they (the other students) know what they are doing, then it  

   doesnôt matter who says it. It is like if you need to have your car fixed,  

   then you donôt take it to a veterinarian ï you take it to a mechanic! It  

   doesnôt matter if you take your car to a Honda dealer or a Chevy dealer,  

   because they all know how to fix cars. So if they know what they are  

   doing, it really doesnôt make a difference who says it is right. 

 

After answering some questions regarding her own role as well as the role of the other 

prospective teachers, the interviewer asked her regarding whole number operations and her 

impressions of how well she had learned them. With respect to addition and subtraction, Cordelia 

felt quite confident and responded: ñThey are easy and I can understand exactly what I am doing 

because of place value.ò However, her impressions of multiplication and division were decidedly 

different. Referring to multiplication, she exclaimed: ñI just didnôt get multiplication. If I 

couldnôt recall what 4 × 3 was, it meant that I didnôt understand it.ò Further analysis of her 

participation in classroom discussions ï presented in the next section ï helped to clarify her 

interpretation of her lack of understanding. 
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 Throughout the instructional sequence, the researcher had also noticed that the ñpicturesò 

that Cordelia would draw in solving operations problems did not always seem to correspond to 

the actual problem being solved. During the post-interview she was asked: 

 Interviewer: Do the pictures that you draw help you to solve the problems? Can you  

   elaborate on how they represent your thought process? 

 Cordelia: No, because it is backwards! I am drawing pictures because I need to not  

   because I need it to understand. They just make it more confusing because  

   I already understand the math. 

 

Cordelia was presented with the following multiplication problem (in base-10) as a part of the 

post-interview. She was asked: ñA student has 23 books in his library where each book has 14 

pages. How many total pages are there in all the books?ò Note her illustration with the circles 

and dots in relation to the place value aspects of multiplication. 

 

Figure 20: Cordelia's Solution to 23 × 14 (in Base-10) 
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 It must be noted here that Cordelia went about solving this problem in the following 

order: First, she wrote 23 × 14. Secondly, she drew the 6 circles in one row. Next, she performed 

the multiplication algorithm seen on the left hand side. Finally, when asked how she did the 

algorithm, she wrote the 4 × 3 and the 2 × 4 portion (including the circles with dots in them). 

Here, her solution to 23 × 14 modeled what she had mentioned earlier regarding the use of 

pictures to ñhelpò her perform whole number operations. Her algorithm by itself was correct in 

that she displayed good procedural understanding of how to solve this multi-digit multiplication 

problem.  

 Interviewer: Could you describe what you did? 

 Cordelia: I did 4 times 3 (drawing the 4 circles with 3 dots in each)é 

   I multiplied the ones. Then, you multiply 2 times 4 to get 8.  

 Interviewer: What did you do next? 

 Cordelia: I just added 12 and 8 to get the 92. 

 Interviewer: How is that? 

 Cordelia: Thatôs what you do. I canôt explain it. 

 

Here, Cordelia began by explaining her procedure in the same fashion that she had experienced 

during class. However, she reached a point where she could not explain and justify her solution. 

As consistent with her previous work, she displayed a good procedural understanding of the 

mathematics involved, however she encountered more difficulty in describing the how and why 

which required more conceptual understanding. 

 Cordelia was also asked regarding the ways that whole number operations compared in 

base-8 versus base-10.  

 Interviewer: How well do you think you understood addition and subtraction in base-8? 

 Cordelia: Fine. They work out just like they do in base-10. 

 Interviewer: What about multiplication and division? 

 Cordelia: In base-8, you canôt multiply and divide the same way. I just didnôt get  

   division when we did it class ï but I know I can do it. 
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The researcher gained valuable insight into Cordeliaôs understanding of whole number concepts 

and operations through the examination of her individual work by analyzing her written artifacts 

as well as interview questions included in the pre-interview, post-interview and the focus group 

that ensued after the completion of the instructional sequence. In order to fully understand the 

ways that Cordelia developed conceptual understanding through the instructional sequence 

situated entirely in base-8, this researcher needed to analyze her participation in the classroom 

community to see how she contributed to the social aspects of the classroom and reflexively the 

manner in which the group discussions may have influenced her development.  

 

Cordeliaôs Participation in Taken-as-Shared Practices 

 This study placed each individual prospective teacher in the social setting of a classroom. 

As such, both the social aspects of learning as well as the concurrent individual component must 

be considered and discussed together. As stated earlier, Yackel and colleagues (Yackel & Cobb, 

1996) maintain that individual studentôs mathematical activity and the classroom micro-culture 

are related in a reflexive fashion. The interpretive framework used for this study was previously 

discussed (See Table 6) and concisely related the social and individual components. Stephan 

(2003) elaborated on the interrelation of the social and psychological perspectives by stating ñthe 

existence of one depends on the existence of the otherò (p. 28).  

 Roy (2008) extended previous research efforts by focusing on the classroom 

mathematical practices developed by prospective teachers in learning whole number concepts 

and operations through an instructional sequence situated entirely in base-8 (Andreasen, 2006; 

Bowers, Cobb & McClain, 1999). Roy identified the particular classroom mathematical practices 
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that occurred during this research effort in the same environment with the same prospective 

teachers. Using Andreasenôs (2006) initial instructional sequence and revised for the sake of this 

research effort, Roy concluded 

 ñThe instructional tasks supported the following taken-as-shared classroom mathematical 

 practices in which prospective teachers (illustrated):  

  (a) Developing small number relationships using Double 10-Frames,  

  (b) Developing two-digit thinking strategies using the open number line,   

  (c) Flexibly representing equivalent quantities using pictures or Inventory Forms,  

  (d) Developing addition and subtraction strategies using pictures or an Inventory  

   Form.ò (Roy, 2008, p. 136)  

 

This current research effort now focused on analyzing Cordeliaôs specific participation in the 

classroom mathematical practices outlined above. In particular, this analysis intended to identify 

her development of conceptual understanding of whole number concepts and operations as it 

occurred through interacting with classmates and engaging in classroom discussions. 

 As a part of this case study analysis, the researcher demonstrated the manner in which a 

particular participant provided claims, data, warrants, and backings to facilitate and at times led 

whole classroom discussion. Furthermore, the analysis using Toulminôs argumentation (1969) 

allowed for collaboration between the social and the individual aspects to describe the 

individuals in the case study and their participation in classroom discussions. 

 In the following sections, the researcher explored the specific ways that Cordelia took 

part in the classroom discussion. Her participation in the classroom argumentation - as defined in 

the previous chapter ï involved providing claims, data, warrants, and backings to discuss the 

topics in the instructional sequence. Cordeliaôs participation has been discussed as it occurred 

within each of the four established classroom mathematical practices. The first section focused 

on the development of number relationships using Double 10-Frames. 
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Developing Number Relationships using Double 10-Frames 

 As a part of the instructional sequence on Day 1, the instructor introduced Double 10-

frames in order for prospective teachers to make sense of counting in base-8. In one particular 

example, the instructor used the overhead projector to flash the following Double 10-Frame for 

one second: 

 

  

 

  

  

 

  

  

 

 
 

  

 
  

 

Figure 21: Double 10-Frame Illustrating 10 and 5 

The transcript below indicated the conversation that took place involving Cordeliaôs participation 

within the classroom dynamic. The type of support - Claim, Data, Warrant, Backing - has been 

indicated in (italics). 

Instructor:  Okay here we go, ready? (Teacher flashes 10 and 5). (After pausing to 

watch studentsô reactions, she says) This is what I am looking at. (Teacher 

gestures at counting in the air)  

 Instructor:  Alright Cordelia, How did you get it? 

 Cordelia:  Well you have a whole one full so that is one-ee-zero and then you  

   have a half so that is plus four, one-ee-four, and plus one, one-ee-five.  

   (Data/Claim) 

 Instructor:  How many of you did it just like that? 

 Student:  Full, 4, 1 
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 Instructor:  Full, 4, 1 is another way to describe it. How many of you counted by  

   ones? Took a while, eventually those counting by ones strategies are not  

   efficient enough to keep up and then you start working on developing  

   other strategies. 

 

 In the episode described above, Cordelia provided a claim of ñone-ee-fiveò in response to 

the teachersô question. She also provided the data to explain the manner in which she arrived at 

her claim. By participating in the social aspect of the classroom, other prospective teachers also 

share in the counting strategy of using one-ee-zeroôs and 4ôs with Double 10-frames. 

Simultaneously, Cordeliaôs method was incorporated into the larger class discussion and she had 

the opportunity to see how other prospective teachers responded to her method. In future 

episodes, when a student counted by one-ee-zeroôs and/or 4ôs, she did not need to provide an 

explanation since the idea of using small number relationships in Double 10-frames had become 

taken-as-shared. Through this episode, Cordelia displayed her support for argumentation and a 

contribution to the taken-as-shared notion of developing small number relationships using 

Double 10-Frames. 

 

Two-Digit Thinking Strategies Using the Open Number Line 

On Day 2, prospective teachers were presented with the following problem: 

 ñThere were 62 children in the band. 36 were boys and the rest were girls.  

  How many girls were in the band?ò 

 

The following represented the exchange between Cordelia and the teacher in solving this 

problem.  

 Cordelia:  Can you write the numbers on the board?  

 Instructor:  Sure. Sixee-two children, three-ee-six boys. How many girls? How can I  

   start without setting these up in columns? How can I start? Cordelia. 

 Cordelia:  I came up with two-ee-é(Claim) 
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 Instructor:  I am not asking for the answer. How can I start? 

 Cordelia:  Well, like take six-ee-two and three-ee-six and make one-ee-zeros; six  

   one-ee-zeros minus three one-ee-zeros is three-ee-zero and then you still  

   have the two and the six. (Data) 

 

In Figure 22 below, the researcher represented Cordeliaôs mathematical moves as recorded by 

the instructor on the board. Note the manner in which Cordelia decomposed the number  

three-ee-six. 

 
 

Figure 22: Cordelia's Method of Solving 62 - 36 

 

 

 Instructor:  Oh, I think I see what you are talking about. Okay, you started with your  

   six-ee-two. Which side do I put six-ee-two? Which side, here or here? 

 (Laughing) 

 Instructor:  Weôll go over here. You said, you took away three oneee-zeros, all at  

   once? Or one-ee-zero minus one-ee-zero minus one-ee-zero? 

 Cordelia:  All at once. (Data) 

 Instructor:  So you took away three-ee-zero. And then, then you saidéwhat did you  

   have left after you did that? 

 Cordelia:  Three-ee-two. (Data) 

 Instructor:  Three-ee-two. And then what did you do? 

 Cordelia:  And then minused six. (Data) 

 Instructor:  Why? 

 Cordelia:  Because the original number had six. (Warrant) 

 Instructor:  Okay, you started with sixee-two then you took away three-ee-zero. 

 Cordelia:  But I still had to take away six. (Data) 

 Instructor:  How did you do that? Did you do it all at once?  

 Cordelia:  I counted by ones. (Data) 

 Instructor:  Okay. So you said minus one is 
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 Cordelia:  Three-ee-one. (Data) 

 Instructor:  Minus one is 

 Cordelia:  Three-ee-zero, minus one is two-ee-seven, minus one is two-ee-six, minus  

   one is two-ee-fiveé(Data) 

 Instructor:  How many have we done? 

 Cordelia:  Five. (Data) 

 Instructor:  Okay, so. 

 Cordelia:  minus one is two-ee-four. (Data) 

 Instructor:  So where do we find the answer in all this? 

 Cordelia:  At the left end. (Data) 

 Instructor:  Because we start with six-ee-two and we took away  

 Cordelia:  Three-ee-six. (Data) 

 Instructor:  Three-ee-six to give us two-ee-four, but whatôs the answer? 

 Cordelia:  Two-ee-four girls. (Claim) 

 Instructor:  Two-ee-four girls. Thatôs important, Iôm not going to stress it too much in  

   here, but itôs important I give you a word problem that has a context; your  

   answer should be within that context. You should stress that when you are  

   teaching; Iôm not going to stress it that much in here. 

   Questions for Cordelia? Who solved it just like her? Raise your hands.  

   Okay, interesting not just one tableôs worth, but a sprinkling around the  

   room. Who has got questions for Cordelia? Who solved it differently than  

   Cordelia? 

 

 

Figure 23: Cordelia's Participation in Using the Open Number Line 

 This episode illustrated by the transcript and Figure 23 above represented one of the first 

occurrences of a warrant as a part of the classroom argumentation. Cordelia was able to explain 

not only what she did and how she did that, but also provided the justification behind why she 

chose to subtract six. This example further illustrated that Cordelia managed to decompose the 

number three-ee-six according to place value into three-ee-zero (Three one-ee-zeroôs) as well as 
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six (six oneôs). As suggested in the literature review, Cordelia has demonstrated the ability to 

compose and decompose numbers and in addition uses one and one-ee-zero as iterable units. 

Lastly, the instructor pointed out the significance of situating the numerical answer within the 

context of the problem as stated. Cordelia was able to provide the result of two-ee-four, but 

added to it by suggesting that it stood for two-ee-four girls. 

 Her participation in the classroom discussion through this example signified her support 

for argumentation and her contribution towards establishing 2-Digit thinking strategies using the 

open number line becoming taken-as-shared. 

 

Flexibly Representing Equivalent Quantities 

 In order to accomplish the learning goal of flexibly representing numbers, the 

instructional sequence utilized specific tasks in order to provide for exploration of the 

mathematics involved. During Day 3, the instructor presented prospective teachers with Mrs. 

Wrightôs Candy Shop. In this setting ï in accordance to previous research and Realistic 

Mathematics Education ï candy was packaged into boxes, rolls, and pieces as seen in Figure 24.  

 

Figure 24: Boxes, Rolls, and Pieces in the Candy Shop 
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 Through this systematic ñpackagingò of numbers, classroom discussion led to the 

following conclusions. Individual pieces of candy are packaged into rolls, and rolls of candy can 

be packaged into boxes of candy. Specifically, 10 pieces would comprise 1 roll, 10 rolls would 

equal 1 box of candy. Prospective teachers involved in this research project would solve 

activities in order to gain further experience with unitizing. As discussed earlier in the literature 

review, Cobb and Wheatley (1988) emphasized the significance of prospective teachersô 

simultaneous realization that 10 represented one unit as well as 10 individual units.  

 As the amount of candy increased, the need arose to have an efficient way of representing 

the number of candies without drawing the boxes, rolls, and pieces every time. The instructor 

presented a method of recording the number of candies in boxes, rolls and pieces called an 

Inventory Form, illustrated in the Figure 25 below. 

 

Figure 25: Inventory Form of Recording Boxes, Rolls, and Pieces 

 Through the use of the boxes, rolls, and pieces as well as Inventory Forms, the instructor 

provided the setting for prospective teachers to experience unitizing in base-8 since the notion of 

unitizing remains the core notion in the ability to flexibly represent numbers. The two 

aforementioned pedagogical content tools and their use were illustrated in the following episode 

involving Cordelia. 

 Instructor: Mrs. Wright might come into the candy shop and find different situations,  

   or different amounts of candy on different tables. What the people   

   working in her factory donôt do is put them in nice careful ways. So I am  
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   curious if she came into the candy factory at 5 oôclock and she (noticed)  

   what is represented in number one on page four? 

 

Figure 26 reflected the problem being discussed in this episode. 

 

 
 

Figure 26: Candy Shop Example (2 Boxes, 4 Rolls, 6 Pieces) 

 Instructor:  What is represented? 

 Class:  Two 

 Instructor: Two boxes 

 Class:  Four rolls 

 Instructor: Four rolls 

 Class:  Six pieces. 

 Instructor:  And six pieces. Okay, thank youé.. So sometimes it is good to have all  

   the candy packaged as much as possible, sometimes it is good to have it  

   completely unpackaged, and sometimes it is good to have places in  

   between. So your problems may represent that. Who is ready to share  

   drawings of how they packaged their candy ï of how they found the  

   candy? Cordelia, okay come on up. 

 Cordelia: Letôs see, so I decided I should know how many there were before I  

   started drawing any pictures. So I counted everything, and I came up with  

   two-hundree-four-ee-six, because I canôt like é (Claim) 

 Cordelia: Well, I figured that before I try and repackage everything that I should  

   know how many I have all together. So I counted the boxes, one-ee-zero,  

   two-ee-zero, two hundree, and then four-ee. I came up with two-hundree- 

   four-ee-six. This is my rolls from a box. Okay, that is two-hundree-four- 

   ee-six becauseé (Data) 

 Cordelia: This is two-hundree-four-ee-six because I have got one-hundree here, one- 

   hundree-zero in each of these rows and four-ee-zero and six single pieces.  

   And then I drew it like this. So then I got one-hundree-zero, and then  

   one-ee-zero rolls of one-ee-zero, and four-ee-six individual pieces. (Data) 
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 Figure 27 illustrated Cordeliaôs recording of 246 involving boxes, rolls and pieces. Note 

the way that Cordelia arranged the rolls into groups of one-ee-zeros. 

 

Figure 27: Cordelia's Recording of 246 using Boxes, Rolls, and Pieces 

This episode was followed by a classroom discussion involving another student making sense of 

Cordeliaôs solution. After this explanation, the instructor asked: 

 Instructor: Is that what you did Cordelia? 

 Cordelia: Hmmm (Thinking). 

 Instructor: You may have done it in another order 

 Cordelia: I didnôt think of opening rolls, I just took the total number figured out  

   what I would need to get that number. (Claim/Data) 

 Instructor: So you went from the picture that was given to show two-hundree-four- 

   ee-six. 

 Cordelia: Right! 

 Instructor: And then you made it into candies. 

 Cordelia: And then, I figured how would I pack it? (Data) 

 Instructor:  So, you packed it instead of unpacking it? 

 Cordelia: Right! (Claim) 

 Instructor: Do you see the difference between that? Can someone explain the   

   difference?  

 

 During this particular episode, Cordelia participated in the taken-as-shared practice of 

representing equivalent quantities by using a total number approach. While the majority of 

prospective teachers ñunpackedò the boxes and rolls provided, Cordelia considered the total 

number of candies and then represented that total number using boxes, rolls and pieces by 

ñpackagingò the candies in a different way than had previously been discussed.  
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 The researcher also was given another glimpse of Cordeliaôs tendency not to use pictures 

to assist her in solving the problem. As was the case in the earlier taken-as-shared practice, 

Cordelia seemed to once again draw the picture of boxes, rolls, and pieces after she had already 

decided on her solution. This approach ï while significantly different from her classroom 

counterparts ï remained consistent with Cordeliaôs previous notions of the role of pictures. 

Earlier during the individual analysis, this researcher indicated that Cordelia had mentioned that 

she only drew pictures ñbecause she knew she had toò and did not use them to assist her in 

solving mathematical problems. 

 During Day 4, Cordeliaôs participation in taken-as-shared classroom mathematical 

practices also came to the forefront. Using Inventory Forms (Figure 28), the instructor asked the 

prospective teachers to identify 2 equivalent representations of the 457 candies in order to 

explore prospective teachersô development of place value leading to whole number operations.  

 

Figure 28: Inventory Form Representing 457 

After one student presented her solution, the instructor cultivated the sociomathematical norm of 

a different solution as presented in the following discussion: 

 Instructor: Who got it in another way? Cordelia. 

 Cordelia: I did, I wrote the boxes, and then Ié 

 Instructor: So how many were there? 

 Cordelia: Four, and then I took apart one roll, so that would be four 

 Instructor: Four? 

 Cordelia: Rolls, and then I got more pieces, and I got one-ee-seven pieces. 

 

 One of the ways that an idea was considered taken-as-shared occurred when prospective 

teachers no longer questioned the reasoning behind an explanation. In this episode, when 
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Cordelia suggested getting ñmore piecesò and arriving at ñone-ee-sevenò pieces; the classroom 

community did not require nor need justification for the manner in which she proceeded. In the 

past, prospective teachers would have asked for and provided a warrant for such explanations. 

Citing the way arguments evolve and the ñchange in functionò, Roy (2008) identified various 

classroom mathematical practices including the use of Inventory Forms to flexibly represent 

equivalent quantities. As a result, Cordeliaôs contributions including the solution to representing 

457 through the use of Inventory Forms demonstrated her participation in establishing this 

particular classroom mathematical practice.  

 

Developing Addition and Subtraction Strategies 

 Through the course of the instructional sequence, prospective teachers progressively built 

on their knowledge to assist them in solving new problems. After having gained experience with 

boxes, rolls, and pieces as well as Inventory Forms, prospective teachers illustrated ways in 

which reasoning with these pedagogical content tools allowed for them to arrive at addition and 

subtraction strategies.  

 On Day 6 of the instructional sequence, the prospective teachers continued to explore 

strategies including the traditional addition and subtraction algorithms as well as column 

addition. After examining a few examples of non-traditional strategies including subtracting left 

to right, the instructor posed the following question to the prospective teachers. ñHow would you 

do 500 minus 243?ò  
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The following figure (Figure 29) represented Cordeliaôs solution and the transcriptions that 

follow illustrated her contribution towards the classroom mathematical practice involving 

addition and subtraction strategies: 

 

 

5 0 0 

- 2 4 3 

 

3 0 0 

 

- 4 0 

 

  - 3 

 

2 3 5 

 

Figure 29: Cordelia's Strategy in Solving 500 - 243 

 Instructor: Who did it differently? éSo who is going to share how they did it next?  

   Cordelia. 

 Cordelia: Well, I did ité, I didnôt change my place values before I started so two- 

   hundree-zero. (Data) 

 Instructor: Two-hundree 

 Cordelia: Two-hundree from five-hundree is three-hundree, and then four from no- 

   ee-zero, I donôt know how to say thiséI am short four to make one-ee- 

   zero so minus forty and then three from nothing. I am short three, so  

   minus three. (Data) 

 Class:  Five (Student Challenge) 

 Cordelia: Itôs not five because I did that and thatôs how I got the wrong answer, but  

   it is not five because it (pointing to the zero in the oneôs place in 500) is  

   not one-ee-zero. Itôs just one, so I am like short three. (Warrant) 

 Cordelia: I mean, itôs just zero, there is nothing so I am short three because if you  

   draw out a number line (draws a number line with 3 on the left and 0 on  

   the right ï motioning the distance between them). If this is zero and youôre 

   here (pointing to 3), youôre short only three regardless. (Warrant) 

 Cordelia: Yeah, so now I am short three. So three-hundree minus four-ee-zero is  

   two- hundree-four-ee-zero, and then (pointing to 240) minus three isé  

   (Data) 

 Class:  Two hundree three-ee-five. 

 Cordelia:  Two-hundree-three-ee-five. (Claim) 
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 Through the episode described above, Cordelia played a very active role in establishing 

the classroom mathematical practice of developing addition and subtracting strategies. She relied 

on her understanding of place value as well as reasoning strategies with Inventory Forms in order 

to demonstrate, explain and justify the argumentation mentioned. Cordelia provided repeated 

data and perhaps more importantly in this case, the warrants necessary to justify why her 

solution was mathematically valid. Through actively participating in the classroom dynamic, 

Cordelia helped to lead and assisted in the establishment of addition and subtraction strategies as 

a taken-as-shared mathematical practice. 

Summary 

 Through the course of the instructional sequence, Cordelia provided numerous instances 

when she demonstrated a more developed understanding of whole number concepts and 

operations. In Table 7, the chronological summary is intended to illustrate if and when Cordelia 

showed a conceptual understanding of the topics at hand beyond merely performing procedures 

to arrive at an answer.  

Table 7: Cordeliaôs Demonstrated Occurrences of Conceptual Understanding 

 

Pre-

Interview 

Student 

Artifacts  

Small Group & 

Whole Class 

Discussions 

Post-

Inter view 

Focus Group 

Interview 

Place Value  *  *  *  *  
Counting Strategies 

 *  *  N/A  

Addition & 

Subtraction *  *  *  *  *  
Multiplication & 

Division 
     



114 

 

 In the case of Cordelia, through the base-8 instructional unit, she displayed a qualitatively 

significant change in her understanding of place value concepts as well as counting strategies 

utilized by her in solving and explaining problems. This development represented a noted 

departure from her initial understanding demonstrated in the Pre-interview and at the outset of 

the instructional sequence.  

 As for addition and subtraction, Cordelia showed early on that she came in with a good 

understanding of these notions and her ability to explain and justify these procedures only 

became enhanced through the instructional sequence. While she began to consider and use some 

strategies demonstrated by other prospective teachers and established through the classroom 

discourse, Cordelia remained rather insistent on using her own methods. She illustrated a very 

good understanding of how to use the open number line as well as boxes, rolls, and pieces to 

describe and validate her thinking strategies and assisted in moving the classroom dialogue 

towards greater understanding of the mathematics involved with these topics. 

 While Cordelia was able to demonstrate procedurally the way that she would solve 

various multiplication problems and - on some occasions - division problems, she was not able to 

provide the reasoning and justification needed to illustrate conceptual understanding of these 

topics. However, as shown in much of her individual work, Cordelia was not able to make sense 

of other prospective teachersô work or processes that required a greater conceptual understanding 

of multiplication and division. 

 In order to summarize Cordeliaôs participation as one individual in the whole class 

discussions, her role and contributions towards establishing classroom mathematical practices 

were discussed. In Table 8 provided on the next page, Cordeliaôs participation has been broken 
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down and categorized according to Toulminôs argumentation analysis. As witnessed earlier, 

claims, data, warrants, and backings provide the different ways that an individual participated in 

and contributed to the argumentation. Each individualôs participation was identified as providing 

minimal, some, moderate or extensive support in classroom argumentation as it led to the 

establishment of the classroom mathematical practices being taken-as-shared. The four 

classroom mathematical practices included (a) Developing number relationships using Double 

10-frames (b) 2-digit thinking strategies using the open number line (c) flexibly representing 

equivalent quantities and (d) developing addition and subtraction strategies. Note Cordeliaôs 

claims, data, warrants, and backings have been identified per each of the classroom 

mathematical practices that were established as a part of this instructional sequence. 

 

 

 

 

 

 

 

 

 

 

 

 



116 

 

Guidelines for Individual Participation in Argumentation  

N/A Not Applicable 

 
No or Minimal Support of Argumentation 

 
Some Support of Argumentation 

 
Moderate Support of Argumentation 

 
Extensive Support of Argumentation 

 

Table 8: Summary of Coredelia's Participation in Establishing Classroom Mathematical 

Practices 

 

  

Claims 

 

Data 

 

Warrants 

 

Backings 

ü Developing Number Relationships 

using Double 10-frames     

ü 2-Digit Thinking Strategies Using the 

Open Number Line     

ü Flexibly Representing Equivalent 

Quantities     

ü Developing Addition and Subtraction 

Strategies     

  

 Looking at the classroom mathematical practices in the order in which they became 

established, notice that Cordelia mainly provided the statement (often times the answer) as well 

as how she went through the steps it took to solve the problem. Therefore as illustrated in Table 

8 above, she produced moderate support of argumentation mostly in the form of claims, and 

data.  Since the warrants involved the justification of why certain statements were 

mathematically valid, a procedural explanation by itself did not merit proof of conceptual 
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understanding in the form of a warrant. Backings tended to synthesize the episode by connecting 

the various pieces of information provided and often times linking back other mathematical 

notions discussed.  

 While Cordelia developed and discussed the manner in which she provided her answers, 

she could not explicitly contribute towards the reasons why her steps worked or would not work 

in other scenarios. The trend observed by this researcher involved a decrease in participation in 

the classroom argumentation as each episode shifted from claims and data to warrants and 

backings.  The only exception seemed to be in the second classroom mathematical practice 

involving 2-digit thinking strategies using the open number line. In this particular case, Cordelia 

provided a preponderance of evidence and participated extensively in the classroom discussions 

by explaining her thinking quite frequently. In addition, in multiple episodes, she suggested 

procedures that she thought would work and shared those with the rest of the class. Often times, 

these suggested procedures involved an attempt to import a method or algorithm from base-10 to 

base-8.  In accordance to the classroom social and sociomathematical norms, solutions were 

deemed acceptable if and only if they could be explained and justified thoroughly. Therefore, 

many times her suggestions would open up the discussion that would prove fruitful in leading 

towards conceptual understanding. Almost always, other prospective teachers ended up 

providing the rationale behind such procedures and thus Cordeliaôs participation was vital 

towards the establishment of classroom mathematical practices albeit in a limited sense. 
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CHAPTER 5: THE CASE OF CLA UDIA  

 

 Claudia had previously taken two mathematics courses at the university level: a college 

algebra course and a trigonometry course. Both of these courses had been taken between 2-3 

semesters prior to the beginning of this research project. She quickly expressed that math had 

always been her favorite subject ï primarily due to the fact that her teachers could explain why 

something was right or wrong: 

 

Every time I turned in my five paragraph essay and the teacher 

deducted on grammar and sentence structure they could never tell me 

why it was wrong they just told me it was. Sometimes I wondered if they 

really even knew why themselves. My math teachers were always 

different. If I asked them why I got a problem wrong they could always 

prove it to me.   

Before changing my major to elementary education I almost changed it 

to math education. I am very excited about this course. I hope in the 

future I can allow my students to also have a positive experience in 

mathematics and I will never tell them they are not capable of doing 

something. 

Claudia, January 2007 

 

Claudia scored an 18 on the CKT-M Pre-test instrument which placed her in the Upper 

Quartile and in the ñHigh-Contentò category of mathematical content knowledge at the outset of 

this research. This score matched the highest score attained during the Pre-test by any student 

during this research experiment.  

Individual Development 

 In order to illustrate the development of this individual through the instructional sequence 

on whole number concepts and operations, this researcher once again has decided to examine 
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Claudiaôs individual progression at several stages. First, this analysis focused on what was 

known about this individual prior to the beginning of the instructional sequence. These data 

primarily stemmed from individual interviews conducted and videotaped immediately before the 

first day of instruction in base-8. Next, Claudiaôs individual artifacts ï outside of her 

contributions to group and classroom discussions ï were analyzed. These artifacts included 

collected individual papers during class, homework assignments, as well as tests.  

 The third level of analysis occurred based on what Claudia shared during the post-

interview after the conclusion of the instructional unit as well as her comments as a part of a 

focus group conducted one month after the post-interview. The fourth level of analysis involved 

her participation in the social situation of the classroom. Similar to the previous case involving 

Cordelia, videotaped recordings of each day of the instructional sequence were transcribed and 

analyzed for Claudiaôs contribution to general classroom discussions and specifically the manner 

in which she participated in the taken-as-shared practices. 

 Prior to Instructional Sequence 

 During the pre-interview conducted prior to the beginning of the instructional unit on 

whole number concepts and operations situated in base-8, the researcher (who also served as the 

interviewer) asked Claudia some questions related to place value, whole number operations and 

her role in the classroom. These pre-interview questions were all in the traditional base-10 

system since the participants had not been introduced yet to the base-8 system as a part of the 

instructional sequence. When given the task, ñWrite the numbers 1 through 31 in any order or 

pattern that is meaningful to you.ò Note the manner in which she started and ended each 

sequence of numbers. 
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 Claudia:   1  2  3  4  5  6  7  8  9  10 

   11  12  13  14  15  16  17  18  19  20 

   21  22  23  24  25  26  27  28  29  30 

   31 

 Interviewer: Would you describe to me how you wrote these numbers? 

 Claudia: I started at 1, and then after 10, I went to the next line. 

 Interviewer: Why would you do that after 10? 

 Claudia: I did it to keep them in order, because they are both éthey are pretty 

   much going up by 10. One plus 10 is 11, and so on. 

  

In order to pursue Claudiaôs way of thinking, the interviewer asked her to continue on to 101 and 

then 1003. Note the way that she used the dotted line to indicate the numbers that she did not 

write down, but would be included in the sequence. 

 Interviewer: Can you write down 1 through 101. 

 Claudia: 1éééééé10 

   11éé............. 

   21ééééé. 

   31ééééé. 

   é 

   é 

   101 

 Interviewer: How come you decided to write them in this fashion? 

 Claudia: Distance 10 is an easy one to follow. 

 Interviewer: Okay. Would you write down the numbers through 1003? 

 Claudia: 1ééééééé 

   é 

   21 

   é 

   é 

   1001  1002  1003 

 Claudia: (Without being prompted) I could have written them differently! 

   1éééééé100 

   101ééééé200 

   201ééééé300 

   301ééééé400 

   ...                          . 

   é                         . 

   1,001                 1,100 

 Interviewer: What did you choose to do this time? 

 Claudia: Zeros are like place holderséPatterns would start over. 
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 Already, Claudia has started to illustrate understanding of the notion of place value and 

mention language - ñplace holders ï that are related to the concept of place value. Furthermore, 

she showed that even prior to the instructional sequence she had a sense of notions such as 

distance, and patterns in numbers in relation to the concept of place value. 

 The next question on the interview involved the use of Base Ten Blocks. A picture of 

Base Ten Blocks was previously provided in Figure 12. Claudia indicated that she had used these 

manipulatives in the past. The interviewer wanted to explore her understanding of place value 

and whole number concepts through a series of questions involving the use of Base Ten Blocks. 

As the interviewer prepared to start the questions, he noticed that Claudia was intentionally 

putting some of the blocks together ï namely the tens all standing up. As a result, the interviewer 

wished to explore her reasons for grouping blocks.  

 Interviewer: How would you show 41? 

 Claudia: 4 tens and then plus 1 (squeezing the 4 tens shown below together) 

 

In Figure 30, notice the manner in which she grouped and held the tens together. 

 

 
 

Figure 30: Claudia's Use of Base-Ten Blocks to Illustrate 41 

 Interviewer: You put the 4 tens together. 

 Claudia: Yeah, because they go together 

 Interviewer: Tell me what you mean ï mathematically. 

 Claudia: I have 10 here (holding up one ten block), and 10 here,é 

   I guess it goes back to what I was doing before (pointing to the way she 

   grouped the numbers that she wrote 1 through 31). I am just thinking in  

   tens.  
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Here, Claudia illustrated signs of distinguishing between numbers according to their place value. 

Furthermore, she displayed the first signs of using ten as an iterable unit. The interviewer wanted 

to further examine Claudiaôs ability to use Base Ten Blocks as an insight of how she perceived 

whole numbers including ways to compose and decompose numbers. 

Consistent with the last prospective teacher interviewed, Claudia was given Base Ten Blocks  

(3 Flats, 5 Longs, and 2 Unit Cubes.)  

 Interviewer: (Using Base Ten Blocks) How would you show 254? 

 Claudia: (Thinks as she is moving some blocks around) Could you make an   

   equation? 

 Interviewer: Tell me what you mean. 

 Claudia: You could make this 300 (Three 100-blocks) and we want 54 so we would 

   put a minus sign and subtract from 300. I would haveéI could take away 

   50 and then add the 2. (See Figure 31 below) 

 

 
 

Figure 31: Claudia's First Solution in Manipulating Base-Ten Blocks 

 

 Claudia: Oh we need 254. 

 Interviewer: Yes. Use the Base Ten Blocks in any manner you think would help you. 

 Claudia: Okay, I see. I could take two pieces of this (puts thumb over two pieces in 

   a 10-block) and put it here (next to the two single unit blocks in figure  

   above). 

 

 Here, Claudia demonstrated algebraic thinking in initially using an equation to assist her 

in thinking through this problem. Next, she showed that she could decompose a 10-block into 

single unit blocks in order to arrive at the number she needs. Having observed Claudia solve this 
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problem, the researcher ï who served as the interviewer as well ï asked her to show another way 

of solving the same problem.      

 Claudia: Another way would be é (See Figure 32).  

 

Figure 32: Claudia's Alternative Solution A to Represent 254 

 Claudia: Or you would need the two hundred fifty and 4 tenths of this single  

   piece (See Figure 33). 

 

 
 

Figure 33: Claudia's Alternative Solution B to Represent 254 

In trying to clarify what Claudia had just mentioned, the interviewed followed up on the idea of 

ñtenthsò.  

 Interviewer: What do you mean by a tenth? Can you use the example of the number 21. 

 Claudia: Twenty one would be two tenôs and a tenth of a ten which is one.  

 

 Claudia displayed her ability in using Base Ten Blocks to flexibly represent numbers in a 

variety of equivalent ways. This point was highlighted by her explanation that ña tenth of a ten 

which is oneò. As indicated by the previously mentioned research of Steffe (1988), the 

concurrent understanding of ten as ten ones as well as one iterable unit of ten represented a key 

aspect of her understanding of place value and whole number concepts. Through her choices, she 
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demonstrated that she could decompose bigger units as in the case of blocks of 10 and 100 in 

order to accomplish the task at hand. This researcher also became intrigued by Claudiaôs 

depiction of the 4 single unit blocks as a part of the 100 block as represented in Figure 30. It 

seemed that numerically, conceptually and visually Claudia maintained a solid understanding of 

the relationship between oneôs, tenôs and hundredôs. 

 The last question during the pre-interview ï as with all research participants - involved 

examining a fictitious studentôs work.  

 ñSome fifth-grade teachers noticed that several of their students were making the same  

  mistake in multiplying large numbers. In trying to calculate 

 

 

1 2 3 

× 6 4 5 

 

 The students seemed to be multiplying incorrectly. They were doing this:   

 

 

1 2 3 

× 6 4 5 

 
6 1 5 

 
4 9 2 

  7 3 8 

1 8 4 5 

  

 What is the studentsô misconception? How would you approach this misconception with 

 students? (Ma, 1999) 

 

 Claudia began to write out the problem for herself and it must be noted that immediately 

upon writing the multiplication problem of 123 × 645, she first wrote in the zeros as it may be 

seen in Figure 34. Note the particular language that she used with the emphasis on place value 

understanding as well as reasoning strategies involving place values used to estimate the solution 

to this multiplication problem. 
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Figure 34: Claudia's Solution to the Multiplication Problem 123 × 645 

 Interviewer: From what you can gather, what did the student do? 

 Claudia: They did not put the zero. They forgot to hold the value. They are not  

   thinking of the 4 (pointing to the 4 in 645) as a 40. They are just thinking  

   of it as a 4. 

 Interviewer: Okay. What should the student have done? 

 Claudia: Thinking of the 6 as a 600. This is a 40 and not a 4. 

   When I multiply, I add these place holders. I put a line through them so I  

   donôt confuse them with something else. By putting these place holders  

   or zeros, you are thinking of the 6 as a 600. By putting this one zero,  

   you are thinking of this as a 40 and not just 4.   

 

 Through listening to Claudiaôs explanation, the researcher came to a few realizations 

regarding her level of understanding multiplication. At the outset, it was clear that she possessed 

a solid understanding of the procedures involved in solving a multiplication problem such as 123 

× 645. Secondly, she was able to justify her own actions and deciphered where the student had 

gone wrong by paying particular attention to the misconception of treating the 40 as a 4 and the 

600 as a 6. The ensuing comments related to the zeros placed to avoid confusion further 

reinforce her conceptual and procedural understanding of place-value notions. Overall, through 

this examination of another studentôs work, Claudia illustrated a deep understanding of whole 

number concepts ï specifically place value ï and multiplication. 
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During the Instructional Sequence 

 

Place Value and Counting Strategies 

 Analysis of Claudiaôs individual activity - specifically homework assignments, handouts 

and items on a test ï represented the next aspect of exploring her development during the course 

of the instructional sequence. From this point on, problems listed and language used must be 

treated strictly as having occurred in base-8 unless specifically noted otherwise. After several 

class sessions dedicated to counting and skip counting, the prospective teachers were introduced 

to the open number line in order to record their thinking and discuss various strategies used to 

solve problems. After two weeks, the first homework examined the studentôs abilities to 

individually solve problems related to counting and reasoning with addition and subtraction.    

 In the following homework problem, Claudia utilized an open number line to solve the 

problem. Consider the following scenario: 

 ñFor Valentineôs Day, Victory bought 57 heart-shaped chocolates. After 

 purchasing some more, he had a total of 243 heart-shaped chocolates. How  

 many more chocolates did Victor buy?ò  

 

 In Figure 35 ï on the next page - note the way Claudia counted down 57 chocolates by 

1ôs and 10ôs from the initial value of 243 chocolates and recorded her thinking using the 

pedagogical content tool of the open number line. 
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Figure 35: Claudia's Use of the Open Number Line to Solve 243 ï 57 = ? 

 In her written work, she described that solving this problem was represented by the 

equation ñ243 ï 57 = ?ò. Next, note that she decomposed the 57 chocolates to be taken away 

according to place value by first ñtaking away 7 chocolates from 243 by counting back by 1ò. 

After she took away all the single chocolates, she proceeded to ñtake away the remaining 50 by 

taking away 10 at a time.ò As a result, she concluded that by taking away 57 chocolates from the 

total of 243; her answer would be that ñVictor bought 164 more chocolates.ò 

 The instructions for this problem involved showing two different ways to solve this 

particular question. In this solution, note the manner in which she started off with the 57 

chocolates and counted up first by 1ôs and then by 100ôs and 10ôs to arrive at the total of 243 

chocolates.  
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Figure 36: Claudia's Use of the Open Number Line to Solve 57 + ? = 243 

 This time, Claudia decided to add ñ1 until we get a number with a 3 as the last digit.ò 

Next, she added the largest number by place value ï 100 candies ï that she could without going 

over the desired amount. She stated: ñWe canôt continue to add 100 because we will go farther 

than our goal so we will continue to count up by 10 until we reach our goal.ò Finally, having 

counted up to 243, Claudia concluded that she took 164 ñjumpsò and therefore using this strategy 

again she maintained that ñVictor bought 164 more chocolates.ò Through counting up and take 

away  strategies illustrated by the open number line, Claudia illustrated great understanding in 

using place value concepts in a flexible fashion to assist her in solving this problem.  

Addition and Subtraction 

 Over the next three weeks, the instructional tasks involved using the context of the candy 

shop to further highlight the significance of place value and exploring invented strategies for 

addition and subtraction. Place value notions as well as the composition and decomposition of 

numbers according to place value were explored through the use of inventory forms. These 










































































































































































